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Motivation

Real-space picture for the conducting phenomena in a nano device 
 Eigenchannels
 Real-space current density

E. g. / Trigate transistor

Gate

Source

Drain

 Transmission
 Total current
Conductance

Spatial information

e-

Visualize



Left lead

⋯

[Formalism] System

 𝑇(𝐸) =  𝐺C(𝐸) ΓL(𝐸)  𝐺C
†(𝐸) ΓR(𝐸)

 𝑇 𝐸 |𝑡𝑖(𝐸)〉 = 𝑡𝑖(𝐸)|𝑡𝑖(𝐸)〉

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⋯

Right lead

Central(device) region

 𝐻CL
 𝐻CR

 𝐺C 𝐸 = {𝐸 −  𝐻C −  ΣL 𝐸 −  ΣR 𝐸 }−1

 Σ𝐿 𝐸 = 𝐸 −  𝐻𝐶𝐿
 𝐺𝐿𝐿 𝐸 −  𝐻𝐿𝐶

𝐽 =  
𝑑𝐸

2𝜋
Tr  𝑇 𝐸 {𝑓 𝐸 − 𝜇L − 𝑓 𝐸 − 𝜇R }

 𝐺LL
 𝐺RR

Tr  𝑇 𝐸 =  

𝑖

𝑡𝑖



Two steps for diagonalization

 𝐴L
 ΓR|𝑡𝑖〉 = 𝑡𝑖|𝑡𝑖〉

 𝐴L|𝑎𝑖〉 = 𝑎𝑖|𝑎𝑖〉

 𝐴L
1/2  𝐴L

1/2†  ΓR
 𝐴L
1/2  𝐴L

−1/2
|𝑡𝑖〉 = 𝑡𝑖

 𝐴L
1/2  𝐴L

−1/2
|𝑡𝑖〉

 𝐴L
1/2

≡ 𝑎1 𝑎1 , ⋯ , 𝑎𝑁 𝑎𝑁

 𝐺C
 ΓL

 𝐺C
† Spectral function

  ΓR|  𝑡𝑖〉 = 𝑡𝑖|  𝑡𝑖〉

𝑡𝑖 =  𝐴L
1/2

|  𝑡𝑖〉

In the real space

𝑡𝑖 𝑟 = 𝜒1 𝑟 , ⋯ , 𝜒𝑁 𝑟 𝑡𝑖

In OpenMX  𝑑3𝑟 𝜒𝑖 𝑟 𝜒𝑗 𝑟 ≠ 𝛿𝑖𝑗

Hermite

M. Paulsson and M. Brandbyge, PRB 76, 115117 (2007).



Löwdin orthogonalizations

The Kohn-Shame eqn. in the non-orthogonal basis space

 𝐻|𝜑𝑖〉 = 𝜀𝑖
 𝑆 𝜑𝑖 𝑆𝑖𝑗 ≡  𝑑3𝑟 𝜒𝑖 𝑟 𝜒𝑗 𝑟

Solve directly Generalized Eigenvalue Problem

Löwdin ort.

 𝑆|𝑠𝑖〉 = 𝑠𝑖|𝑠𝑖〉

 𝑆1/2 ≡ 𝑠1 𝑠1 , ⋯ , 𝑠𝑁 𝑠𝑁

 𝑆−1/2† ≡ 𝑠1
−1/2

𝑠1 , ⋯ , 𝑠𝑁
−1/2

𝑠𝑁

 𝐻  𝑆−1/2†  𝑆1/2†|𝜑𝑖〉 = 𝜀𝑖
 𝑆1/2  𝑆1/2† 𝜑𝑖

  𝐻|  𝜑𝑖〉 = 𝜀𝑖  𝜑𝑖

  𝐻 =  𝑆−1/2  𝐻  𝑆−1/2† |𝜑𝑖〉 =  𝑆−1/2†|  𝜑𝑖〉

Others?



Löwdin ort. for  𝐺C,  Γ,  𝑇, eigenchannels

  𝐻 =  𝑆−1/2  𝐻  𝑆−1/2†

  𝑇 =   𝐺C
  ΓL

  𝐺C
†   ΓR =  𝑆1/2†  𝐺C

 ΓL
 𝐺C

†  ΓR
 𝑆−1/2†

|𝑡𝑖〉 =  𝑆−1/2†|  𝑡𝑖〉

  𝑇 𝐸 |  𝑡𝑖(𝐸)〉 = 𝑡𝑖(𝐸)|  𝑡𝑖(𝐸)〉

Obtain it in the orthogonal basis space

Diagonalize in the orthogonal basis space

Transform to the non-orthogonal basis space

Hamiltonian

  𝐺 =  𝑆1/2†  𝐺  𝑆1/2Green’s function

  Γ =  𝑆−1/2  Γ  𝑆−1/2†
Self energy
Line width

|𝜑𝑖〉 =  𝑆−1/2†|  𝜑𝑖〉

Any vectors

 𝜒𝑛 𝑟 =  

𝑛

𝜒𝑛 𝑟  𝑆−1/2†
𝑛′𝑛

Basis set



Overall Procedure

⋯

⋮

⋮

⋯

(1) Compute leads 
(periodic system)

With openmx

Compute sandwiched device(2)

SCF.EigenvalueSolver Band
NEGF.filename.hks LLLL.hks

scf.EigenvalueSolver NEGF
NEGF.filename.hks.l LLLL.hks
NEGF.filename.hks.r RRRR.hks

With openmx
Eigenchannels are 
computed in the same run

⋯

⋮

⋯

⋮



Call graph

main

Non-collinear case

readfile Input_std TRAN_Input_std

Read input parameters
DFT

TRAN_DFT TRAN_DFT_NCor

TRAN_Output_Trans_HS

Output  𝐻SCF etc. for the next calculation

TRAN_Main_Analysis TRAN_Main_Analysis_NCor

Compute transmission, total current, conductance, 
eigenchannels, current density

Independent program TranMain in OpenMX3.7
Joins into main program

Perform NEGF calculations



TRAN_Main_Analysis

Start

Read input 
parameter

Read  𝐻SCF etc.

Allocataion,
Set k grid

k loop S

Compressed  𝐻SCF

→ full  𝐻𝑘 etc.

Compute transmissions 
in each k

Compute each k

components for 
total current

Output 
transmission 

𝑇𝑘(𝐸)

Output total 
current

Output 
conductance

k loop S

Compressed  𝐻SCF

→ full  𝐻𝑘 etc.

Compute 
eigenchannels in 
each k    (LCAO)

Output 
eigenchannels

in each k

Transform eigenchannels
into real space

Output 
eigenchannels
as cube format 

End



Detailed flow for eigenchannels

MTRAN_EigenChannel function called by TRAN_Main_Analysis
in k loop 

Start

Compute  𝑆𝑘
1/2

,  𝑆𝑘
−1/2†

E loop S

Compute  𝐺LL(𝐸)

Compute  ΣL(𝐸)

Compute 
 𝐺RR 𝐸 , ΣR 𝐸

Compute  𝐺C 𝐸
 Γ 𝐸 = 𝑖[Σ 𝐸 − Σ† 𝐸 ]

 𝐺C
 ΓL

 𝐺C
† =  𝐴L

Löwdin ort. of   𝐴L,  ΓR

Compute   𝐴L
1/2†

 𝐴𝐿
 Γ𝑅 →  𝐴L

1/2†  Γ𝑅𝐴𝐿
1/2

Compute eigenchannels
in LCAO

Output 
eigenchannels

in LCAO

End



[Examples] 8-Zigzag Graphene Nano Ribbon

-1

-i

1

i

0.3 V
bias

-0.3 V
bias

-0.3 V
Spin↑

0 V
Spin↓

Spin↑

0 V
Spin↓

0.3 V
Spin↑

Spin↓

T. Ozaki, et al., PRB 81, 075422 (2010).

 Large intensity in edges
 k=X orbitals contribute



Formalism for the current density

𝑱Loc 𝑟, 𝑡 =
𝑖

2
𝜓 𝑟, 𝑡 𝛻𝜓∗ 𝑟, 𝑡 − 𝜓∗ 𝑟, 𝑡 𝛻𝜓 𝑟, 𝑡

Without non-local potential Hybrid functional

PseudopotentailsWith non-local potential

𝑖
𝜕𝜓 𝑟, 𝑡

𝜕𝑡
=

−𝛻2

2
𝜓 𝑟, 𝑡 +  𝑑3𝑟′ 𝑉 𝑟, 𝑟′ 𝜓 𝑟′, 𝑡 (1)

𝜓∗ 𝑟, 𝑡 × 1 − 𝜓 𝑟, 𝑡 × 1 ∗

−
𝜕𝜌 𝑟, 𝑡

𝜕𝑡
= 𝛻 ⋅ 𝑱Loc 𝑟, 𝑡 + 𝜌NLoc(𝑟, 𝑡)

𝜌NLoc 𝑟, 𝑡 ≡  𝑑3𝑟′ 𝑉 𝑟, 𝑟′ 𝜓 𝑟′, 𝑡 𝜓∗ 𝑟, 𝑡 + c. c.

−
𝜕𝜌 𝑟, 𝑡

𝜕𝑡
= 𝛻 ⋅ 𝑱Loc 𝑟, 𝑡 + 𝑱NLoc 𝑟, 𝑡

𝑱NLoc 𝑟, 𝑡 ≡ 𝛻 ⋅ 𝜑𝑁𝐿𝑜𝑐 𝑟, 𝑡

𝛻2𝜑NLoc 𝑟, 𝑡 = 𝜌NLoc 𝑟, 𝑡

C. Li, L. Wan, Y. Wei, and J. Wang, Nanotechnology 19, 155401 (2008).



NEGF + Current density

Replace

𝜓 𝑟, 𝑡 𝜓∗ 𝑟′, 𝑡 ⋯ →  𝑑𝐸
−𝑖

2𝜋
𝐺< 𝑟, 𝑟′, 𝐸 ⋯

 𝐺< ≡  𝐺𝐶𝑖  Γ𝐿𝑓 𝐸 − 𝜇𝐿 +  Γ𝑅𝑓 𝐸 − 𝜇𝑅
 𝐺𝐶

†

𝑱Loc 𝑟 =  
𝑑𝐸

2𝜋
𝑖 𝛻𝑟 − 𝛻𝑟′ 𝐷R 𝑟, 𝑟′, 𝐸 𝑟′=𝑟 𝑓 𝐸 − 𝜇𝐿 − 𝑓 𝐸 − 𝜇𝑅

 𝐷R ≡  𝐺𝐶
 Γ𝑅

 G𝐶
†

𝜌NLoc 𝑟 = −  
𝑑𝐸

2𝜋
2Im[𝑉 𝑟, 𝑟′ 𝐷R 𝑟, 𝑟′, 𝐸 ] 𝑓 𝐸 − 𝜇𝐿 − 𝑓 𝐸 − 𝜇𝑅

 

𝑖𝑗

𝐷𝑅 𝑖𝑗 𝜒𝑗 𝑟 𝛻𝜒𝑖 𝑟 − 𝜒𝑖 𝑟 𝛻𝜒𝑗 𝑟

 𝑆−1  𝑉 𝐷𝑅 𝑖𝑗
𝜒𝑖 𝑟 𝜒𝑗 𝑟



Poisson’s eq. for the non-local current

𝛻2𝜑NLoc 𝑟 = 𝜌NLoc 𝑟

⋮ ⋮ ⋮

⋮ ⋮ ⋮

Periodic b.c.

Periodic b.c.

No information 
of 𝜑NLoc

No information 
of 𝜑NLoc

Boundary conditions are required.

𝛻𝜑NLoc 𝑟𝐿  
∥

= 𝐽(𝑟𝐿) − 𝐽Loc 𝑟𝐿 𝛻𝜑NLoc 𝑟𝑅  
∥

= 𝐽 𝑟𝑅 − 𝐽NLoc 𝑟𝑅

How can we obtain them ?



Approximation for the boundary current

 
𝐿𝐵

𝑑3𝑟 𝐽∥ 𝑟 =  
𝑑𝐸

2𝜋
{𝑓 𝐸 − 𝜇L − 𝑓 𝐸 − 𝜇R }Tr  𝑇 𝐸

Obtain 𝐽(𝑟𝐿) with a different way

𝐽∥ 𝑟 ≈  
𝑑𝐸

2𝜋
{𝑓 𝐸 − 𝜇L − 𝑓 𝐸 − 𝜇R }  𝑑𝑟∥ 𝑇(𝑟∥, r⊥)

Integrate in this region

𝑇(𝑟) =  

𝑖𝑗

 𝐺C
 ΓL

 𝐺C
†  ΓR

 𝑆−1
𝑖𝑗

𝜒𝑖 𝑟 𝜒𝑗(𝑟)



Implementation in TRAN_Main_Analysis

Start

Read input 
parameter

Read  𝐻SCF etc.

Allocataion,
Set k grid

k loop S

Compressed  𝐻SCF

→ full  𝐻𝑘 etc.

Compute transmissions 
in each k

Compute each k

components for 
total current and 

a part of current density

Output 
transmission, 
total current, 
conductance

End

𝐷𝑅 𝑖𝑗
𝑘 ,  𝑆𝑘

−1  𝑉𝑘
 𝐷𝑅

𝑘
𝑖𝑗

,

 𝐺C
𝑘  ΓL

𝑘  𝐺C
𝑘†  ΓR

𝑘  𝑆𝑘
−1

𝑖𝑗
→sum

Compute 
𝑱Loc 𝑟 from  𝐷𝑅

Compute 𝑇 𝑟

from  𝐺C
 ΓL

 𝐺C
†  ΓR

 𝑆−1

Compute 𝜌𝑁Loc 𝑟
from  𝑆−1  𝑉 𝐷𝑅

Sum local and 
Non-local part

Boundary current

Print 𝑱(𝑟) in 
volume(cube) and 
vector(xsf) format

Compute and output  
eigenchannels

Solve Poisson’s eq.



[Example] Zigzag Graphene Nano Ribbon

0.3 V bias -0.3 V bias

𝐽∥



Summary

 Implement Eigenchannel analysis and current density in 
OpenMX to study microscopic, spartial description of any 
conducting phenomena.

The are performed as a post-processes of OpenMX-NEGF 
calculations

Targets
Tunnel (Anisotropic) Magnet-Resistance devices
Graphen Nano Ribbon
Scanning Tunneling Spectroscopy
Etc…


