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Abstract

A simple and practical metho d for v ariationally optimizing n umerical atomic orbitals used in

densit y functional calculations is presen ted based on the force theorem. The deriv ed equation

pro vides the same pro cedure for the optimization of atomic orbitals as that for the geometry opti-

mization. The optimized orbitals w ell repro duce con v ergen t results calculated b y a larger n um b er of

unoptimized orbitals. In addition, w e demonstrate that the optimized orbitals signi�can tly reduce

the computational e�ort in the geometry optimization, while k eeping a high degree of accuracy .

I. INTR ODUCTION

During the last decade, to extend the applicabilit y of densit y functional theories (DFT) to realistic

large systems, great e�orts ha v e b een done for dev eloping O( N ) metho ds of the eigen v alue problem [1,

2, 3, 4, 5, 6] and for making e�cien t and accurate lo calized orbitals [7, 8, 9, 10 ] as a basis set

b eing suitable for O( N ) metho ds. Among these studies, one of imp ortan t and unresolv ed problems

is ho w atomic orbitals as a basis set are constructed to maximize b oth the computational e�ciency

and accuracy . One exp ects that a basis set suc h as double v alence orbitals with p olarized orbitals for

v alence electrons pro vides a w a y for balancing a relativ ely small computational e�ort and a considerable

degree of accuracy . Along this line, accurate basis sets w ere constructed in sev eral w a ys [7 , 8, 9, 10 ].

Kenn y et al. constructed a basis set, so that atomic orbitals span the subspace de�ned b y selected

and o ccupied states of reference systems as m uc h as p ossible [7 ]. Junquera et al. optimized the shap e

and cuto� radii of atomic orbitals for reference systems b y using the do wnhill simplex metho d [8 ].

Ho w ev er, the transferabilit y of these optimized orbitals migh t b e restricted to systems similar to the

reference systems used for the optimization in terms of atomic en vironmen ts and states suc h as the

co ordination n um b er and the c harge state. A more complete treatmen t is to optimize atomic orbitals

of eac h atom lo cated on di�eren t en vironmen ts in a giv en system [10 ]. In addition, the complete

optimization pro cedure should b e simple and e�cien t practically . In this pap er, to o v ercome the

di�cult y , w e presen t a simple and practical metho d, based on the force theorem, for v ariationally

optimizing n umerical atomic orbitals of eac h atom in a giv en system.

I I. V ARIA TIONAL OPTIMIZA TION

Let us expand a Kohn-Sham (KS) orbital  

�

of a giv en system using n umerical atomic orbitals

�

i�

in a form of linear com bination of atomic orbitals (LCA O):
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where i is a site index, � � ( pl m ) an organized orbital index, and �

i�

� Y

l m

R

ipl m

. F or simplicit y

w e consider only nonspin-p olarized systems and an non-Blo c h expression of the one-particle w a v e

functions, but the exten tions of the b elo w description to spin-p olarized systems and Blo c h w a v e

functions are straigh tforw ard. Note that a radial w a v e function R

ipl m

dep ends on not only an angular

momen tum quan tum n um b er l , but also a site index i , a m ultiplicit y index p , and a magnetic quan tum

n um b er m . T o giv e a v ariational degree of freedom of �

i�

, w e furthermore expand �

i�

using primitiv e

orbitals �

i�

as follo ws:

�
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X

q

a

i�q

�

i�

( r ) ; (2)

where � � ( q l m ), in whic h the indices l and m denote the same as those of the index � , and �

i�

�

Y

l m

R

0

iq l

. Note that a primitiv e radial w a v e function R

0

iq l

, whic h is discussed later on, is indep enden t on

m , and that the co e�cien ts a

i�q

are indep enden t v ariables on the eigenstate � . Substituting Eq. (2)

in to Eq. (1), w e ha v e
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X

q

c
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i�q
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i

) : (3)

Although the expansion of a KS orbital b y Eq. (3) is linearized for eac h v ariable c

�;i�

or a

i�q

, ho w ev er,

the primitiv e orbitals �

i�

are expanded b y the pro duct of t w o v ariables c

�;i�

and a

i�q

in a nonlinearized

form. Therefore, it is di�cult to directly �nd the minim um of the KS total energy E

tot

for the ground

state with resp ect to c

�;i�

and a

i�q

as a generalized eigen v alue problem whic h can b e deriv ed in

the usual LCA O. T o a v oid the di�cult y , here, w e prop ose a t w o step optimization sc heme, in whic h

the co e�cien ts a

i�q

are optimized after c

�;i�

are determined with a set of �xed a

i�q

. Considering

@ E

tot

=@ c

�;i�

= 0 for the KS total energy E

tot

with the orthonormalization relation h  

�

j  

�

i = �

��

among one-particle w a v e functions  

�

and �xed con traction co e�cien ts a

i�q

, w e ha v e a w ell-kno wn

KS matrix equation with resp ect to the co e�cien t c

�;i�

as follo ws:
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where

^

H is a KS Hamiltonian, and "

�

is a KS eigen v alue of the system. There is no restriction to

solv e Eq. (4) or to �nd @ E

tot

=@ c

�;i�

= 0. So, w e can use an y solution metho d whic h could b e an exact

diagonalization metho d, iterativ e metho ds suc h as Car-P arinello (CP) metho d [11 ] and conjugate

gradien t (CG) metho d [12 ], and O( N ) metho ds. On the other hand, regarding c

�;i�

as dep enden t

v ariables on a

i�q

and assuming that the Kohn-Sham equation is solv ed self-consisten tly with resp ect

to c

�;i�

, w e can deriv e the follo wing equation based on the force deriv ation of non-orthogonal orbitals

as follo ws:
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where n

�

is an o ccupancy n um b er for the eigenstate � , �

i�;j �

a b ond-order, and E

i�;j �

an energy

b ond-order. The �nal equation in Eq. (5) is deriv ed b y taking in to accoun t Eq. (4) and the orthonor-

malization relation h  

�

j  

�

i = �

��

. It should b e noted that Eq. (5) excludes an y deriv ativ e, and that
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�

i�;j �

and E

i�;j �

only ha v e to b e ev aluated for the con tracted atomic orbital �

i�

in Eq. (5), whic h

implies that additional computational costs are not required to ev aluate Eq. (5). Once w e obtain

a self-consisten t solution of the Kohn-Sham equation, Eq. (4), with a set of giv en co e�cien ts a

i�q

,

then Eq. (5) giv es the gradien t of E

tot

with resp ect to a

i�q

within small computational costs. This

fact sho ws apparen tly that the atomic orbitals can b e optimized v ariationally in the same t w o step

pro cedure as that of the geometry optimization in terms of a

i�q

instead of atomic p ositions. Therefore,

the con traction co e�cien ts a

i�q

are optimized iterativ ely , coupled with the self-consisten t solution of

Eq. (4), as follo ws:

Step 1 Self-consisten tly solving of Eq. (4) ;

Step 2 a
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( n )
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n := n + 1 ;

where an optim um � is determined, so that the norm of the gradien ts at a = a
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,
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b ecomes a minim um with resp ect to � under the �xed �

i�;j �

and E

i�;j �

. Substituting Eqs. (5) and

(6) in to Eq. (7), and considering @ N
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G

=@ � = 0 with the �xed �

i�;j �

and E
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, w e ha v e � = B = A

for the minim um of N
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G
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0

i . T aking in to accoun t the sparseness of b oth

the Hamitonian and o v erlap matrices in the real space, w e �nd that the computational e�orts to

ev aluate Eqs. (8) and (9) scale linearly . Therefore, w e can easily ev aluate � , leading no in tensiv e

computational demands. After ac hieving the self-consisten t �eld (SCF) for Eq. (4) with resp ect to the

co e�cien ts c

�;i�

b y an usual SCF pro cedure, the con traction co e�cien ts a

i�q

are up dated b y Eq. (6)

and renormalized so that �

i�

is normalized. Th us, the t w o step optimization sc heme enables us to

optimize the con traction co e�cien ts a

i�q

along the stationary minim um line of the KS total energy

functional with resp ect to c

�;i�

, while k eeping h  

�

j  

�

i = �

��

. It is found that ab out �v e iterativ e

pro cedures of the t w o step optimization, whic h includes the solution of Eq. (4) and the optimization

of a

i�q

b y Eq. (6), are enough to accomplish a su�cien t con v ergence of a

i�q

for our test systems.

Again it should b e men tioned that the b ond-order and the energy b ond-order are required for only the

con tracted atomic orbital �

i�

in Eq. (5). This is a crucial p oin t to mak e our optimization pro cedure

e�cien t, since the Kohn-Sham equation based on Eq. (4) can b e solv ed for not large �

i�

, but small

�

i�

. Once the con traction co e�cien ts a

i�q

are �xed after the orbital optimization, the Hamiltonian
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and o v erlap matrices are directly constructed for the small �

i�

without constructing the elemen ts for

the larger primitiv e orbitals, since w e can directly utilize the con tracted orbital �

i�

as a n umerical

table b ecause of the use of n umerical orbitals, whic h is also a reason wh y the optimization sc heme

could b e totally e�cien t.

A rather tec hnical but imp ortan t problem still remains in the application of the t w o step optimiza-

tion metho d. T o a v oid the orbital optimization to a lo cal minim um, w e ha v e dev elop ed the follo wing

careful pro cedure to pro vide a go o d initial guess for a set of co e�cien ts a

i�q

:

(I) The p artition of the system. A cluster is constructed including the nearest neigh b oring atoms

j for eac h atom i .

(I I) Solving of the Kohn-Sham e quation of e ach cluster. By non self-consisten tly solving the Kohn-

Sham equation of eac h cluster whic h is cen tered on an atom i , w e obtain the co e�cien ts d

�;iq l m

for

the atom i of an one-particle w a v e function

'

( i )

�

=

X

j q l m

d

�;j q l m

�

j q l m

(11)

with an eigen v alue �

( i )

�

.

(I I I) Construction of a fr om d . Then, a

i 0 l mq

is giv en as

a

i 0 l mq

= N

X

�

sgn( d

�;i 0 l m

) d

�;iq l m

f (( �

( i )

�

� �

i

) =k

B

T ) ; (12)

where f is the F ermi function, �

i

a lo cal c hemical p oten tial for the cluster i , and N a normalization

factor. F or 0 < p , the co e�cien ts a

ipl mq

are generated b y the Gram-Sc hmidt orthonormalization from

a

i 0 l mq

and d

�;iq l m

in order of the magnitude of f (( �

( i )

�

� �

i

) =k

B

T )

P

q

j d

�;iq l m

j .

T o �nd a go o d initial guess for the co e�cien ts a

i�q

, w e tried to estimate the ratio of co e�cien ts

a

i�q

of the eigenstates of the whole system expanded b y �

i�

from the lo cal cluster for eac h atom i

b y the ab o v e treatmen t. Then, the eigenstates of the cluster are w eigh ted b y the F ermi function,

so that the con tribution of the lo w er states is tak en in to accoun t as m uc h as p ossible. Also, the

con traction co e�cien ts a

ipl mq

for 0 < p are generated using the Gram-Sc hmidt metho d to a v oid the

o v ercompleteness of con tracted basis orbitals. W e found that the pro cedure pro vides go o d initial

co e�cien ts a

i�q

in all of our test systems, and did not observ e that the orbital optimization is trapp ed

to an y serious lo cal minim um, while the other trial w as trapp ed to a lo cal minim um often. The

additional cost for the ab o v e pro cedure (I)-(I I I) is almost negligible, when the orbital optimization

metho d is applied as a preconditioning of the geometry optimization as discussed later on.

I I I. PRIMITIVE ORBIT ALS

The primitiv e orbitals �

i�

w e used are eigenstates of an atomic Kohn-Sham equation with con-

�nemen t pseudo p oten tials [8 , 13 ]. T o v anish the radial w a v e function R

0

iq l

of the outside of the

con�nemen t radius r

c

, w e mo dify the atomic core p oten tial V

core

( r ) in the all electron calculation of

an atom and the generation of pseudo p oten tial as follo ws:

V

core

( r ) =

8

>

>

>

>

<

>

>

>

>

:

�

Z

r

for r � r

1

;

3

X

n =0

b

n

r

n

for r

1

< r � r

c

;

h for r

c

< r ;

(13)
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where b

0

, b

1

, b

2

, and b

3

are determined, so that the v alue and the �rst deriv ativ e are con tin uous

at b oth r

1

and r

c

. Figure 1 sho ws radial w a v e functions for l = 0 of a carb on atom under the

con�nemen t pseudo p oten tial. The eigenstates construct an orthonormal basis set at the same atomic

p osition and v anish b ey ond r

c

within the double precision. Because of the complete v anishing tail of

n umerical orbitals, w e �nd that non-zero elemen ts of Hamiltonian and o v erlap matrices can b e exactly

prop ortional to the n um b er of atoms. In Fig. 2 the total energy for a carb on dimer calculated using

the eigenstates as a basis set is sho wn as a function of the n um b er of orbitals for v arious cuto� radii

r

c

. F actorized norm conserving pseudo p oten tials [13 ] and the lo cal densit y appro ximation (LD A) [14 ]

to the exc hange-correlation in teractions w ere used in our all DFT calculations. Also the real space

grid tec hniques w ere used with the energy cuto� of 113 (Ryd) for n umerical in tegrations [8]. As the

cuto� radius and the n um b er of orbitals increase, the total energy con v erges systematically . Th us, w e

see that the primitiv e orbitals �

i�

itself are systematic basis sets con trolled b y t w o simple parameters,

the cuto� radius and the n um b er of orbitals, in the same manner as spherical w a v e basis sets [9 ]. In

addition, a relativ ely small n um b er of orbitals ma y b e needed to obtain the con v ergen t result compared

to the spherical w a v e basis sets, since the primitiv e basis set is prepared for eac h elemen t, unlik e the

spherical w a v e basis sets [9 ]. These are reasons wh y w e use the eigenstates of an atomic Kohn-Sham

equation with the con�nemen t pseudo p oten tials as the primitiv e orbitals. A systematic study for

con v ergence prop erties as a function of the cuto� radius and the n um b er of orbitals will b e presen ted

for sev eral elemen ts including �rst ro w elemen ts, alk aline metals and transition metals elsewhere.

F or the later discussion, here, w e in tro duce an abbreviation of the basis orbital as C4.5-s62

�

p62,

where C indicates the atomic sym b ol, 4.5 is the cuto� radius r

c

(a.u.) used in the generation, s62

means that t w o optimized orbitals are constructed from six primitiv e orbitals for the s-orbital, and

the sym b ol

�

signi�es the restricted optimization that the radial w a v e function R is indep enden t on

the index m . In case of s nn suc h as s66, corresp onding to no optimization, s nn can b e simpli�ed as

s n .

IV. NUMERICAL RESUL TS

Figure 3 sho ws the con v ergence prop erties of total energies for a carb on dimer C

2

, a methane

molecule CH

4

, and the diamond as a function of the n um b er of unoptimized and optimized orbitals.

The orbital optimization w as done b y �v e iterativ e steps according to Eq. (6), in whic h eac h step

includes ten SCF lo ops. W e see that the unoptimized orbitals pro vide systematic and rapid con v er-

gen t results for not only molecules C

2

and CH

4

, but also a bulk system diamond, as the n um b er of

orbitals increase. Moreo v er, remark able con v ergen t results are obtained using the optimized orbitals

for all systems. The small optimized orbitals rapidly con v erge to the total energies calculated b y a

larger n um b er of unoptimized orbitals, whic h implies that the computational e�ort can b e reduced

signi�can tly with a high degree of accuracy . F or three systems the e�ect of the restriction for the or-

bital optimization is almost negligible, whic h encourages us to use the restriction, since the restricted

optimization guaran tees the rotational in v ariance of the total energy . In Fig. 4 the radial parts of the

minimal orbitals obtained b y the restricted optimization for the diamond are sho wn with those of the

lo w est primitiv e orbitals of a carb on atom for comparison. It is observ ed that the tails of b oth the

optimized s- and p-orbitals shrink compared to the primitiv e orbitals, whic h clearly rev eals that the

basis orbital can automatically v ary within the cuto� radius to minimize the total energy .

Finally , as an illustration of the orbital optimization, w e p erformed the geometry optimization

with the orbital optimization as a preconditioning for the most stable conformer of a neutral glycine
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molecule [15 , 16 ] whic h is the smallest amino acid. Before doing the geometry optimization, the

orbital optimization w as p erformed b y �v e iterativ e steps, whic h includes ten SCF lo ops p er step,

for an initial structure optimized b y a molecular mec hanics (MM). Then, the geometry optimization

w as done using the optimized orbitals b y �ft y steep est decen t (SD) steps with a v ariable prefactor for

accelerating the con v ergence, whic h includes t w en t y SCF lo ops p er step. The optimized geometrical

parameters are giv en in T able I together with the total energy and the computational time p er MD

step. In case of the unoptimized orbitals SN, TN, and TNDP , as the n um b er of orbitals increase, w e

�nd the decrease of the total energy and the con v ergen t geometrical parameters comparable to the

exp erimen tal [16 ] and the other theoretical v alues [15 ]. Although there are some deviations in the

optimized parameters calculated using TNDP from the other theoretical v alues [15 ], the deviations

ma y b e attributed to the pseudo p oten tials rather than the basis orbitals, since w e v eri�ed that the

optimized parameters of the glycine dep end on the cuto� radii in the pseudo p oten tial generation.

Comparing to the unoptimized and optimized minimal orbitals SN and SN

0

, it is found that the

geometrical parameters are signi�can tly impro v ed without increasing the computational time. In

case of the optimized orbitals SNP

0

remark able impro v emen ts are obtained in b oth the geometrical

parameters and the computational time. The optimized orbitals SNP

0

pro vide a con v ergen t result

comparable to TNDP with a great reduction of the computational time. The computational time

required for the orbital optimization of SN

0

o ccupies only 3 % of that of the whole calculation. So

the orbital optimization can b e regarded as a preconditioning b efore doing the geometry optimization

or the molecular dynamics. Of course, it is p ossible to p erform the orbital optimization during the

geometry optimization. It is w orth men tioning that the orbital optimization can b e com bined with an

O( N ) metho d [1, 2 , 3 , 4 , 5, 6], since only �

i�;j �

and E

i�;j �

, whic h are calculated b y the O( N ) metho d,

are required in Eq. (5). Therefore, the orbital optimization can b e applied to large-scale systems in

O( N ) op erations.

V. CONCLUSIONS

T o conclude, w e ha v e dev elop ed a simple and practical metho d based on the force theorem for

v ariationally optimizing n umerical atomic orbitals used in densit y functional calculations. The opti-

mization algorithm similar to the geometry optimization allo ws us to fully optimize atomic orbitals

within a cuto� radius for eac h atom in a giv en system. The illustration of geometry optimization with

the orbital optimization for a small molecule clearly sho ws that the small optimized orbitals promise

to greatly reduce the computational e�ort with a high degree of accuracy .
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T able 1: Optimized geometrical parameters (

�

A and degrees) of the most stable conformer of a neutral

glycine molecule. A denotes the atomic sym b ol C, N, or O. The computational time p er MD step w as

measured using one CPU on a Sharp Mebius PC-GP1-C7U. The energy cuto� of 113 (Ryd) w as used

for the n umerical in tegrations in all calculations. The results b y the other theory w ere tak en from

Ref. [15 ], and the exp erimen tal v alues from Ref. [16 ].

SN TN TNDP SN

0

SNP

0

Other theory Expt.

H4.0-s1 H4.0-s3 H4.0-s3p2 H4.0-s31

�

H4.0-s31

�

p21

�

LD A/DZP

A4.5-s1p1 A4.5-s3p3 A4.5-s3p3d2 A4.5-s31

�

p31

�

A4.5-s32

�

p31

�

d21

�

F ull p oten tial

r (C � C) 1.555 1.535 1.528 1.515 1.528 1.510 1.532

r (N � C) 1.530 1.480 1.490 1.502 1.444 1.439 1.469

r (C=O) 1.353 1.231 1.235 1.281 1.238 1.218 1.207

r (C � O) 1.498 1.365 1.349 1.416 1.350 1.348 1.357

r (O � H) 1.144 0.998 0.987 1.010 0.995 0.988 -

6

(NCC) 104.8 106.5 108.2 108.4 108.8 114.8 112.1

6

(CC=O) 136.8 127.9 128.3 128.9 125.9 124.9 125.1

6

(COH) 96.8 107.9 105.7 105.8 106.8 105.6 -

C=O � � � N 3.132 2.998 2.905 2.998 2.882 2.827 -

Energy (Hartree) -55.662 -55.981 -56.106 -55.818 -56.036 - -

Time(s)/MD step 32 86 217 34 84 - -
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Figure 1: The radial w a v e function for l = 0 of a carb on atom under the con�nemen t pseudo p oten tial

de�ned b y Eq. (7), where 4.5 (a.u.), 4.3 (a.u.), and 3.0 � 10

4

(Hartree) are used for r

c

, r

1

and h ,

resp ectiv ely .
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Figure 2: The total energy for a carb on dimer calculated using the eigenstates as a basis set as a

function of the n um b er of basis orbitals p er atom for the cuto� radius r

c

of 3.5, 4.0, 4.5, 5.0, 5.5 and

6.0 (a.u.).
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Figure 3: The total energy for a carb on dimer C

2

, a methane CH

4

, and the diamond as a function of

the n um b er of unoptimized (unopt) orbitals and optimized orbitals with (rest) and without (unrest)

the restriction. The total energy and the n um b er of orbitals are de�ned as those p er atom for C

2

and the diamond, and as those p er molecule for CH

4

. The energy cuto� of 113, 113, and 222 (Ryd)

w ere used for the n umerical in tegrations in C

2

, CH

4

, and the diamond, resp ectiv ely . The t w o step

con v ergence of C

2

is due to the inclusion of d-orbitals.
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Figure 4: The radial w a v e function of the minimal orbitals obtained b y the restricted optimization for

the diamond and the lo w est primitiv e orbitals of a carb on atom. The optimization w as done in the

same conditions as those in Fig. 3.
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