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1 Non-collinear spin densit y functional

A t w o comp onen t spinor w a v e function is de�ned b y
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where j '
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ij � i with a spatial function j '
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i and a spin function j � i . In the notes w e consider

non-Blo c h functions, but the generalization of the description to the Blo c h function is straigh tforw ard.

Then, a densit y op erator is giv en b y

^n =

X

�

f

�

j  

�

ih  

�

j ;

=

X

�

f

�

�

j '

�

�

� i + j '

�

�

� i

� �

h '

�

�

� j + h '

�

�

� j

�

; (2)

where f

�

should b e a step function, but it is replaced b y the F ermi function in the implemen tation of

Op enMX. With the de�nition of densit y op erator ^n , a non-collinear electron densit y in real space is

giv en b y
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where � ; �

0

= � or � , and j r i is a p osition eigen v ector. The up- and do wn-spin densities n
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p oin t are de�ned b y diagonalizing a matrix consisting of a non-collinear electron densities as follo ws:
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Based on the spinor w a v e function Eq. (1), the non-collinear electron densit y Eq. (3), and the up- and

do wn-spin densities, the total energy non-collinear functional [1 , 2 ] could b e written b y
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where the �rst term is the kinetic energy , the second the electron-core Coulom b energy , the third

term the electron-electron Coulom b energy , and the fourth term the exc hange-correlation energy ,

resp ectiv ely . Also the total electron densit y n

0

at eac h p oin t is the sum of up- and do wn-spin densities
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. Alternativ ely , the total energy E
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can b e expressed in terms of the Kohn-Sham eigenenergies

"

�

as follo ws:
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where V

xc

is a non-collinear exc hange-correlation p oten tial whic h will b e discussed later on. Consid-

ering an orthogonalit y relation among spinor w a v e functions, let us in tro duce a functional F :
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The v ariation of F with resp ect to the spatial w a v e function ' is found as:
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with
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By setting the v ariation of F with resp ect to the spatial w a v e function ' to zero, and considering a

unitary transformation of '

�
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so that �
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can b e diagonalized, w e can obtain the non-collinear Kohn-

Sham equation as follo ws:
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W e see that the o�-diagonal p oten tials pro duce explicitly a direct in teraction b et w een � and �

spin comp onen ts in this � - � coupled equation. The o�-diagonal p oten tials consist of the exc hange-

correlation p oten tial V

xc

and the other con tributions w suc h as spin-orbit in teractions.

The U -matrix in Eq. (4) whic h relates the non-collinear electron densities to the up- and do wn-spin

densities is expressed b y a rotation op erator D [4 ]:
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where h is a unit v ector along certain direction, and � a rotational angle around h . Then, consider

the follo wing t w o-step rotation of a unit v ector (1,0) along the z-axis:
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The unit v ector (1,0) along the z-axis is then transformed as follo ws:
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Th us, if the direction of the spin is sp eci�ed b y the Euler angle ( � ; � ), the U -matrix in Eq. (4) is giv en

b y the conjugate transp osed matrix of Eq. (15).
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The meaning of Eq. (4) b ecomes more clear when it is written in a matrix form as follo ws:
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W e see that the U-matrix diagonalizes the total (a v erage) non-collinear spin matrix rather than the

non-collinear spin matrix of eac h state � . Since the exc hange-correlation term is appro ximated b y the

LD A or GGA, once the non-collinear spin matrix n is diagonalized, the diagonal up- and do wn-densities

are used to ev aluate the exc hange-correlation p oten tials
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Then, the p oten tial

�
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is transformed to the non-collinear exc hange-correlation p oten tial V
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follo ws:
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The Euler angle ( � ; � ) and the up- and do wn-spin densities ( n
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"

, n

0

#

) are determined from the non-

collinear electron densities so that the follo wing relation can b e satis�ed:
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After some algebra, they are giv en b y
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Then, it is noted that the e�ectiv e p oten tial V

e�

in Eq. (11) can b e written in P auli matrices as

follo ws:
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As w ell, the non-collinear spin densit y can b e also written in P auli matrices as follo ws:
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where �

0

is a 2 � 2 unit matrix.
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2 Spin-orbit coupling

In Op enMX, the spin-orbit coupling is incorp orated through j-dep enden t pseudo p oten tials [3 ]. Under

a spherical p oten tial, a couple of Dirac equations for the radial part is giv en b y
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dr
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2
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�
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= 0 ; (37)

where G and L are the ma jorit y and minorit y comp onen ts of the radial w a v e function. a � 1 =c

(1/137.036 in a.u.). � = l and � = � ( l + 1) for j = l �

1

2
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1

2

, resp ectiv ely . Com bining b oth

Eqs. and eliminating F , w e ha v e the follo wing equation for G :

"

1

2 M ( r )

 

d

2

dr

2

+

a

2

2 M ( r )

dV

dr

d

dr

+

a

2

2 M ( r )

�

r

dV

dr

�

� ( � + 1)

r

2

!

+ "

nl j

� V

#

G

nl j

= 0 (38)

with

M ( r ) = 1 +

a

2

( "

nl j

� V )

2

: (39)

By solving n umerically Eq. (38) and generating j-dep enden t pseudo p oten tial V
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j

b y the T roullier and

Martine (TM) sc heme, w e can de�ne a general pseudop oten tial b y
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The �

M

J

and �
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0

J

0

are constituen ts of the eigenfunction of Dirac equation. Since � J � M � J and

� J

0

� M
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0

, the degeneracies of J and J

0

are 2( l + 1) and 2 l , resp ectiv ely . In the use of the

pseudop oten tial de�ned b y Eq. (40), it is transformed to a separable form. By in tro ducing a lo cal
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The non-lo cal p oten tials V
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The non-lo cal part is transformed b y the Blo c hl pro jector in to a separable form:
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J �
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J �
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J �
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l �
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� �
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� �
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with
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Moreo v er, b y unitary transforming the complex spherical harmonics functions Y in to the real spherical

harmonics function

�

Y , w e obtain the follo wing expressions:

^
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J �
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J �
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J �
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� �
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1

l ;mm

0

h C

J �

�

Y

m

0

l

� j ; (60)

^

P

J �

��

=

X

mm

0

j C

J �

�

Y

m

l

� i F

2

l ;mm

0

h C

J �

�

Y

m

0

l

� j ; (61)

^

P

J �

� �

=

X

mm

0

j C

J �

�

Y

m

l

� i F

3

l ;mm

0

h C

J �

�

Y

m

0

l

� j ; (62)

^

P

J

0

�

��

=

X

mm

0

j C

J

0

�

�

Y

m

l

� i G

0

l ;mm

0

h C

J

0

�

�

Y

m

0

l

� j ; (63)

^

P

J

0

�

� �

=

X

mm

0

j C

J

0

�

�

Y

m

l

� i G

1

l ;mm

0

h C

J

0

�

�

Y

m

0

l

� j ; (64)

^

P

J

0

�

��

=

X

mm

0

j C

J

0

�

�

Y

m

l

� i G

2

l ;mm

0

h C

J

0

�

�

Y

m

0

l

� j ; (65)

^

P

J

0

�

� �

=

X

mm

0

j C

J

0

�

�

Y

m

l

� i G

3

l ;mm

0

h C

J

0

�

�

Y

m

0

l

� j (66)

with

F

0

0

= 1 ; (67)

F

0

1

=

2

3

I +

i

3

0

B

B

@

0 � 1 0

1 0 0

0 0 0

1

C

C

A

; (68)

F

0

2

=

3

5

I +

i

5

0

B

B

B

B

B

B

B

@

0 0 0 0 0

0 0 � 2 0 0

0 2 0 0 0

0 0 0 0 � 1

0 0 0 1 0

1

C

C

C

C

C

C

C

A

; (69)

F

0

3

=

4

7

I +

i

7

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 0 0 0 0 0

0 0 � 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 � 2 0 0

0 0 0 2 0 0 0

0 0 0 0 0 0 � 3

0 0 0 0 0 3 0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

; (70)

F

1

0

= 1 ; (71)

F

1

1

= ( F

0

1

)

�

; (72)

F

1

2

= ( F

0

2

)

�

; (73)

F

1

3

= ( F

0

3

)

�

; (74)

F

2

0

= 0 ; (75)
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F

2

1

=

1

3

0

B

B

@

0 0 1

0 0 0

� 1 0 0

1

C

C

A

+

i

3

0

B

B

@

0 0 0

0 0 � 1

0 1 0

1

C

C

A

; (76)

F

2

2

=

1

5

0

B

B

B

B

B

B

B

@

0 0 0 �

p

3 0

0 0 0 1 0

0 0 0 0 1

p

3 � 1 0 0 0

0 0 � 1 0 0

1

C

C

C

C

C

C

C

A

+

i

5

0

B

B

B

B

B

B

B

@

0 0 0 0

p

3

0 0 0 0 1

0 0 0 � 1 0

0 0 1 0 0

�

p

3 � 1 0 0 0

1

C

C

C

C

C

C

C

A

; (77)

F

2

3

=

1

7

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 �

p

6 0 0 0 0 0

p

6 0 0 �

q

5

2

0 0 0

0 0 0 0 �

q

5

2

0 0

0

q

5

2

0 0 0 �

q

3

2

0

0 0

q

5

2

0 0 0 �

q

3

2

0 0 0

q

3

2

0 0 0

0 0 0 0

q

3

2

0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

+

i

7

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0

p

6 0 0 0 0

0 0 0 0

q

5

2

0 0

�

p

6 0 0 �

q

5

2

0 0 0

0 0

q

5

2

0 0 0

q

3

2

0 �

q

5

2

0 0 0 �

q

3

2

0

0 0 0 0

q

3

2

0 0

0 0 0 �

q

3

2

0 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

; (78)

F

3

0

= 0 ; (79)

F

3

1

= ( F

2

1

)

y

; (80)

F

3

2

= ( F

2

2

)

y

; (81)

F

3

3

= ( F

2

3

)

y

; (82)

G

0

0

= 0 ; (83)

G

0

1

=

1

3

I �

i

3

0

B

B

@

0 � 1 0

1 0 0

0 0 0

1

C

C

A

; (84)

G

0

2

=

2

5

I �

i

5

0

B

B

B

B

B

B

B

@

0 0 0 0 0

0 0 � 2 0 0

0 2 0 0 0

0 0 0 0 � 1

0 0 0 1 0

1

C

C

C

C

C

C

C

A

; (85)
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G

0

3

=

3

7

I �

i

7

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 0 0 0 0 0

0 0 � 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 � 2 0 0

0 0 0 2 0 0 0

0 0 0 0 0 0 � 3

0 0 0 0 0 3 0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

; (86)

G

1

0

= 0 ; (87)

G

1

1

= ( G

0

1

)

�

; (88)

G

1

2

= ( G

0

2

)

�

; (89)

G

1

3

= ( G

0

3

)

�

; (90)

G

2

0

= 0 ; (91)

G

2

1

= F

2

1

; (92)

G

2

2

= F

2

2

; (93)

G

2

3

= F

2

3

; (94)

G

3

0

= 0 ; (95)

G

3

1

= F

3

1

; (96)

G

3

2

= F

3

2

; (97)

G

3

3

= F

3

3

; (98)

where the real spherical harmonics functions

�

Y are denoted b y ( x; y ; z ), (3 z

2

� r

2

; x

2

� y

2

; xy ; xz ; y z ),

and (5 z

2

� 3 r

2

; 5 xz

2

� xr

2

; 5 y z

2

� y r

2

; z x

2

� z y

2

; xy z ; x

3

� 3 xy

2

; 3 y x

2

� y

3

) for p -, d -, and f -orbitals,

resp ectiv ely .
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3 Non-collinear LD A+U

In conjunction with the on-site exc hange term of the unrestricted Hartree-F o c k theory , the total energy

of a non-collinear LD A+U metho d could b e de�ned b y

E

LD A+U

= E

LD A

+ E

U

(99)

with

E

U

=

1

2

X

i

X

p

X

l

U

ipl

[T r( N

ipl

) � T r( N

ipl

N

ipl

)] ;

=

1

2

X

s

U

s

[T r( N

s

) � T r( N

s

N

s

)] ; (100)

where i is a site index, l an angular momen tum quan tum n um b er, p a m ultiplicit y n um b er of radial

basis functions, and s an organized index of ( ipl ). N is an diagonalized o ccupation matrix with the

size of 2(2 l + 1) � 2(2 l + 1). The U is the e�ectiv e Coulom b electron-electron in teraction energy . Also,

E

LD A

is giv en b y Eq. (5). It should b e noted that the o ccupation matrix is t wice as size as the collinear

case. In this de�nition it is assumed that the exc hange in teraction arises when an electron is o ccupied

with a certain spin direction in eac h lo calized orbital. Considering the rotational in v ariance of total

energy with resp ect to eac h sub-shell s , Eq. (100) can b e transformed as follo ws:

E

U

=

1

2

X

s

U

s

h

T r ( A

s

N

s

A

y

s

) � T r( A

s

N

s

A

y

s

A

s

N

s

A

y

s

)

i

;

=

1

2

X

s

U

s

[ T r ( n

s

) � T r ( n

s

n

s

)] ;

=

1

2

X

s

U

s

2

4

X

� m

n

� �

s;mm

�

X

� m;�

0

m

0

n

� �

0

s;mm

0

n

�

0

�

s;m

0

m

3

5

; (101)

where � ; �

0

= � and � . In this Eq. (101), although o�-diagonal o ccupation terms in eac h sub-shell s are

tak en in to accoun t, ho w ev er, those b et w een sub-shells are neglected. This treatmen t is consisten t with

their rotational in v arian t functional b y Dudarev et al. [5 ], and is a simple extension of the rotational

in v arian t functional for the case that a di�eren t U-v alue is giv en for eac h basis orbital indexed with

s � ( ipl ). In addition, the functional is rotationally in v arian t in the spin-space. In this simple

extension, w e can not only include m ultiple d-orbitals as basis set, but also can easily deriv e the force

on atoms in a simple form as discussed later on.

The total energy E

LD A+U

can b e expressed in terms of the Kohn-Sham eigenenergies "

�

as follo ws:

E

LD A+U

= E

LD A

+ E

U

;

= E

band

+

"

E

ee

+ E

cc

+ E

xc

�

X

�

h  

�

j ^v

LD A

j  

�

i

#

+

"

E

U

�

X

�

h  

�

j ^v

U

j  

�

i

#

;

= E

band

+ � E

LD A

+

1

2

X

s

U

s

X

� m;�

0

m

0

n

� �

0

s;mm

0

n

�

0

�

s;m

0

m

;

= E

band

+ � E

LD A

+ � E

U

; (102)

where � E

LD A

and � E

U

are the double coun ting corrections of LD A- and U-energies, resp ectiv ely .
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3.1 Occupation n um b er

The o ccupation n um b er n (whic h is written b y an italic fon t, while the electron densit y , app ears in

Sec. 1, is denoted b y a roman fon t) is de�ned b y

n

� �

0

smm

0

=

X

�

f

�

h  

�

j ^n

� �

0

s;mm

0

j  

�

i ; (103)

where, to coun t the o ccupation n um b er n , w e de�ne three o ccupation n um b er op erators giv en b y

on-site

^n

� �

0

smm

0

= j ~sm� ih

~

sm

0

�

0

j ; (104)

ful l

^n

� �

0

smm

0

= j sm� ih sm

0

�

0

j ; (105)

dual

^n

� �

0

smm

0

=

1

2

�

j ~sm� ih sm

0

�

0

j + j sm� ih

~

sm

0

�

0

j

�

; (106)

where j ~sm� i is the dual orbital of a original non-orthogonal basis orbital j sm� i , and is de�ned b y

j ~sm� i =

X

s

0

m

0

S

� 1

sm;s

0

m

0

j s

0

m

0

� i (107)

with the o v erlap matrix S b et w een non-orthogonal basis orbitals. Then, the follo wing bi-orthogonal

relation is v eri�ed:

h ~sm� j sm

0

�

0

i = �

sm� ;s

0

m

0

�

0

: (108)

The on-site and ful l o ccupation n um b er op erators ha v e b een prop osed b y Esc hrig et al. [6 ] and Pic k ett

et al. [7 ], resp ectiv ely . It is noted that these de�nitions do not satisfy a sum rule that the trace of

the o ccupation n um b er matrix is equiv alen t to the total n um b er of electrons, while only the dual

o ccupation n um b er op erator ful�lls the sum rule as follo ws:

T r( n ) =

1

2

f T r( �S ) + T r( S � ) g = N

ele

; (109)

where � is the densit y matrix de�ned b y

�

� �

0

sm;s

0

m

0

=

X

�

f

�

h  

�

j ^�

� �

0

sm;s

0

m

0

j  

�

i ;

=

X

�

f

�

c

� ; �

�;sm

c

�

0

�;s

0

m

0

(110)

with a densit y op erator:

^�

� �

0

sm;s

0

m

0

= j ~sm� ih

~

s

0

m

0

�

0

j : (111)

F or three de�nition of o ccupation n um b er op erators, on-site , ful l , and dual , the o ccupation n um b ers

are giv en b y

on-site

n

� �

0

smm

0

= �

� �

0

sm;sm

0

; (112)
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ful l

n

� �

0

smm

0

=

X

tn;t

0

n

0

�

� �

0

tn;t

0

n

0

S

tn;sm

S

sm

0

;t

0

n

0

; (113)

dual

n

� �

0

smm

0

=

1

2

X

tn

n

�

� �

0

sm;tn

S

tn;sm

0

+ S

sm;tn

�

� �

0

tn;sm

0

o

; (114)

3.2 E�ectiv e p oten tial

The deriv ativ e of the total energy Eq. (99) with resp ect to LCA O co e�cien t c

�

�;tn

is giv en b y

@ E

LD A+U

@ c

� ; �

�;tn

=

@ E

LD A

@ c

� ; �

�;tn

+

@ E

U

@ c

� ; �

�;tn

;

=

@ E

LD A

@ c

� ; �

�;tn

+

X

�

0

X

smm

0

@ E

U

@ n

� �

0

smm

0

@ n

� �

0

smm

0

@ c

� ; �

�;tn

;

=

@ E

LD A

@ c

� ; �

�;tn

+

X

�

0

X

smm

0

U

s

(

1

2

�

� �

0

�

mm

0

� n

�

0

�

sm

0

m

)

@ n

� �

0

smm

0

@ c

� ; �

�;tn

;

=

@ E

LD A

@ c

� ; �

�;tn

+

X

�

0

X

smm

0

v

� �

0

U ;smm

0

@ n

� �

0

smm

0

@ c

� ; �

�;tn

(115)

with

on-site

@ n

� �

0

smm

0

@ c

� ; �

�;tn

= �

st

�

mn

c

�

0

�;sm

0

; (116)

ful l

@ n

� �

0

smm

0

@ c

� ; �

�;tn

=

X

t

0

n

0

S

tn;sm

S

sm

0

;t

0

n

0

c

�

0

�;t

0

n

0

; (117)

dual

@ n

� �

0

smm

0

@ c

� ; �

�;tn

=

1

2

(

�

st

�

mn

X

t

0

n

0

c

�

0

�;t

0

n

0

S

t

0

n

0

;sm

0

+ S

sm;tn

c

�

0

�;sm

0

)

: (118)

Substituting Eqs. (116)-(118) for the second term of Eq. (115), w e see

on-site

X

smm

0

v

� �

0

U ;smm

0

@ n

� �

0

smm

0

@ c

� ; �

�;tn

=

X

�

000

X

t

0

n

0

h tn� j

"

X

�

0

�

00

X

smm

0

j

~

sm�

0

i v

�

0

�

00

U ;smm

0

h

~

sm

0

�

00

j

#

j t

0

n

0

�

000

i c

�

000

�;t

0

n

0

; (119)

ful l

X

smm

0

v

� �

0

U ;smm

0

@ n

� �

0

smm

0

@ c

� ; �

�;tn

=

X

�

000

X

t

0

n

0

h tn� j

"

X

�

0

�

00

X

smm

0

j sm�

0

i v

�

0

�

00

U ;smm

0

h sm

0

�

00

j

#

j t

0

n

0

�

000

i c

�

000

�;t

0

n

0

; (120)
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dual

X

smm

0

v

� �

0

U ;smm

0

@ n

� �

0

smm

0

@ c

� ; �

�;tn

=

X

�

000

X

t

0

n

0

h tn� j

1

2

X

�

0

�

00

X

smm

0

�

j

~

sm�

0

i v

�

0

�

00

U ;smm

0

h sm

0

�

00

j + j sm�

0

i v

�

0

�

00

U ;smm

0

h

~

sm

0

�

00

j

�

j t

0

n

0

�

000

i c

�

000

�;t

0

n

0

: (121)

Therefore, the e�ectiv e pro jector p oten tials ^v

U

can b e expressed b y

on-site

^v

U

=

X

� �

0

X

smm

0

j ~sm� i v

� �

0

U ;smm

0

h

~

sm

0

�

0

j ; (122)

ful l

^v

U

=

X

� �

0

X

smm

0

j sm� i v

� �

0

U ;smm

0

h sm

0

�

0

j ; (123)

dual

^v

U

=

1

2

X

� �

0

X

smm

0

h

j ~sm� i v

� �

0

U ;smm

0

h sm

0

�

0

j + j sm� i v

� �

0

U ;smm

0

h

~

sm

0

�

0

j

i

: (124)

It is clear that the e�ectiv e p oten tials of on-site and ful l are Hermitian. Also, it is v eri�ed that the

e�ectiv e p oten tial of dual is Hermitian as follo ws:

h tn� j ^v

U

j t

0

n

0

�

0

i =

1

2

X

m

0

v

� �

0

U ;tnm

0

S

tm

0

;t

0

n

0

+

1

2

X

m

S

tn;t

0

m

v

� �

0

U ;t

0

mn

0

;

= ( h t

0

n

0

�

0

j ^v

U

j tn� i )

�

: (125)

It should b e noted that in the full and dual the v

�

U

of the site i can a�ect the di�eren t sites b y the

pro jector p oten tials Eqs. (123) and (124) b ecause of the o v erlap.

3.3 F orce on atom

The force on atom is ev aluated b y

@ E

LD A+U

@ R

k

=

@ E

LD A

@ R

k

+

@ E

U

@ R

k

; (126)

The �rst term can b e calculated in the same w a y as in the collinear case. The second term is ev aluated

as follo ws:

@ E

U

@ R

k

=

X

� �

0

X

smm

0

@ E

U

@ n

� �

0

smm

0

@ n

� �

0

smm

0

@ R

k

;

=

X

� �

0

X

smm

0

v

� �

0

U ;smm

0

@ n

� �

0

smm

0

@ R

k

;

=

X

�

f

�

X

� �

0

X

tn;t

0

n

0

(

@ c

� ; �

�;tn

@ R

k

h tn� j ^v

U

j t

0

n

0

�

0

i c

�

0

�;t

0

n

0

+ c

� ; �

�;tn

h tn� j ^v

U

j t

0

n

0

�

0

i

@ c

�

0

�;t

0

n

0

@ R

k

+ c

� ; �

�;tn

c

�

0

�;t

0

n

0

@ h tn� j ^v

U

j t

0

n

0

�

0

i

@ R

k

�

: (127)
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Considering H c

�

= "

�

S c

�

and C

y

S C = I, the �rst and second terms in Eq. (127) can b e transformed

in to deriv ativ es of the o v erlap matrix. The third term in Eq. (127) means that only the di�eren tiation

for the o v erlap matrix is considered, And it is analytically di�eren tiated, since it con tains just t w o-

cen ter in tegrals.

3.4 Enhancemen t of orbital p olarization

The LD A+U functional can p ossess m ultiple stationary p oin ts due to the degree of freedom in the

con�guration space of o ccupation ratio for degenerate orbitals. If electrons are o ccupied with a nearly

same o ccupancy ratio in degenerate orbitals at the �rst stage of SCF steps, the �nal electronic state

often con v erges a stationary minim um with non-orbital p olarization after the SCF iteration. Also, it

is often lik ely that electrons are disprop ortionately o ccupied in some of degenerate orbitals due to the

exc hange in teraction, whic h is so-called 'orbital p olarization'. As an example of the m ultiple minima,

w e can p oin t out a cobalt o xide (CoO) bulk in whic h d-orbitals of the cobalt atom are split to t

2 g

and

e

g

states, and the �v e of sev en d-electrons are o ccupied in t

2 g

and e

g

states of the ma jorit y spin, and

remaining t w o d-electrons are o ccupied in the t

2 g

state of the minorit y spin. Then, it dep ends on the

initial o ccupancy ratios for the t

2 g

states of the minorit y spin ho w the remaining t w o d-electrons are

o ccupied in three t

2 g

states. If the initial o ccupancy ratios are uniform, w e ma y arriv e at the non-orbital

p olarized state. In fact, unless an y sp ecial treatmen t is considered for the initial o ccupancy ratios, w e

see the non-orbital p olarized state of the CoO bulk. In order to explore the degree of freedom for the

orbital o ccupation, therefore, it is needed to dev elop a general metho d whic h explicitly induces the

orbital p olarization. T o induce the orbital p olarization, a p olarized redistribution sc heme is prop osed

as follo ws:

diagonalize d

s

= V

y

n

s

V d

s

: ascending order (128)

summation D =

2(2 l +1)

X

m =1

d

sm

(129)

redistribution d

0

4 l +2

= 1 ;

d

0

4 l +1

= 1 ;

:::;

d

0

m

= D � (4 l + 2 � m ) ;

d

0

m � 1

= 0 ; :::: (130)

where D =

X

m

d

0

m

(131)

bac k trasform n

0

s

= V d

0

m

V

y

(132)

After diagonalizing eac h sub-shell matrix consisting of o ccupation n um b ers, w e in tro duce a p olarized

redistribution sc heme giv en b y Eq. (130) while k eeping Eq. (129). Then, b y a bac k transformation

Eq. (130), w e can obtain a p olarized o ccupation matrix for eac h sub-shell. This p olarized redistribution

sc heme is applied during the �rst few SCF steps, and then no mo di�cation is made during subsequen t

SCF steps. This prop osed sc heme ma yb e applicable to a general case: an y crystal �eld, an y n um b er

of electrons in the sub-shell, and an y orbitals: p,d,f,...
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3.5 Densit y of states

De�ne

P

� �

0

i�

( E ) =

X

k

X

�

c

� ; �

k �;i�

c

�

0

k �;i

0

�

0

S

i

0

�

0

;i�

� ( E � "

� k

) : (133)

Then, the densit y of states, D , is giv en b y

D

"

i�

( E ) =

1

2

( P

��

i�

+ P

� �

i�

) +

1

2

( P

��

i�

� P

� �

i�

) cos ( �

i

) +

�

Re P

��

i�

cos( �

i

) � Im P

��

i�

sin ( �

i

)

�

sin ( �

i

) ; (134)

D

#

i�

( E ) =

1

2

( P

��

i�

+ P

� �

i�

) �

1

2

( P

��

i�

� P

� �

i�

) cos ( �

i

) �

�

Re P

��

i�

cos( �

i

) � Im P

��

i�

sin ( �

i

)

�

sin ( �

i

) : (135)

Also, the Mullik en p opulations, Q , are giv en b y

Q

� �

0

i

=

X

�

Z

dE f ( E ) P

� �

0

i�

( E ) : (136)

The lo cal spin direction is determined b y

�

i

= � arctan(

Im Q

��

i

Re Q

��

i

) ; (137)

�

i

= arctan

 

2(Re Q

��

i

cos( �

i

) � Im Q

��

i

sin ( �

i

))

Q

��

i

� Q

� �

i

:

!

(138)

3.6 Zeeman term

The con tribution to the total energy arising the Zeeman term is giv en b y

E

z

= E

z s

+ E

z o

; (139)

where

E

z s

=

X

i

B

s

i

� s

i

=

X

i

( B

s

ix

s

ix

+ B

s

iy

s

iy

+ B

s

iz

s

iz

) ; (140)

E

z o

=

1

2

X

i

B

o

i

� l

i

=

1

2

X

i

( B

o

ix

l

ix

+ B

o

iy

l

iy

+ B

o

iz

l

iz

) : (141)

The v ector comp onen ts of the spin magnetic momen t are giv en b y

s

ix

=

1

2

( N

"

� N

#

) sin ( �

i

) cos ( �

i

) ; (142)

s

iy

=

1

2

( N

"

� N

#

) sin ( �

i

) sin ( �

i

) ; (143)

s

iz

=

1

2

( N

"

� N

#

) cos ( �

i

) (144)

with

N

0

i "

=

1

2

( N

i��

+ N

i� �

) +

1

2

( N

i��

� N

i� �

) cos ( �

i

) + (Re N

i��

cos ( �

i

) � Im N

i��

sin ( �

i

)) sin ( �

i

) ; (145)
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N

0

i #

=

1

2

( N

i��

+ N

i� �

) �

1

2

( N

i��

� N

i� �

) cos ( �

i

) � (Re N

i��

cos ( �

i

) � Im N

i��

sin ( �

i

)) sin ( �

i

) ; (146)

where N

i� �

0

is giv en b y

N

i� �

0

= T r ( n

� �

0

i

) : (147)

After some alegebra w e ha v e

s

ix

=

1

2

( N

i��

+ N

i� �

) ; (148)

s

iy

=

i

2

( N

i��

� N

i� �

) ; (149)

s

iz

=

1

2

( N

i��

� N

i� �

) : (150)

The v ector comp onen ts of the orbital magnetic momen t are giv en b y

l

iv

=

Z

dE

X

k

X

�

f ( E ) h  

k �

j

^

l

v

j  

k �

i � ( E � "

k �

) ;

=

Z

dE

X

k

X

�

f ( E )

h

h '

�

k �

j

^

l

v

j '

�

k �

i + h '

�

k �

j

^

l

v

j '

�

k �

i

i

� ( E � "

k �

) ;

=

X

k

X

�

f ( "

k �

)

2

4

X

�;�

0

c

�; �

k �;i�

c

�

k �;i�

0

h �

�

i�

j

^

l

v

j �

�

i�

0

i + c

� ; �

k �;i�

c

�

k �;i�

0

h �

�

i�

j

^

l

v

j �

�

i�

0

i

3

5

;

=

X

�;�

0

�

��

i�;i�

0

h �

�

i�

j

^

l

v

j �

�

i�

0

i + �

� �

i�;i�

0

h �

�

i�

j

^

l

v

j �

�

i�

0

i ; (151)

where v = x; y ; or z . Noting that

^

l

x

=

1

2

(

^

l

+

+

^

l

�

) ; (152)

^

l

y

=

1

2 i

(

^

l

+

�

^

l

�

) ; (153)

^

l

z

Y

m

l

= mY

m

l

; (154)

^

l

+

Y

m

l

=

q

( l � m )( l + m + 1) Y

m +1

l

; (155)

^

l

�

Y

m

l

=

q

( l + m )( l � m + 1) Y

m � 1

l

; (156)

and considering a unitary transformation of the spherical harmonic functions in to a set of real harmonic

functions de�ned b y

Y

px

=

1

p

2

( � Y

� 1

1

+ Y

1

1

) ; (157)

Y

py

=

1

i

p

2

( Y

� 1

1

+ Y

1

1

) ; (158)

Y

pz

= � Y

0

1

; (159)

it can b e sho wn that

0

B

B

@

h Y

px

j

h Y

py

j

h Y

pz

j

1

C

C

A

^

l

x

( j Y

px

i ; j Y

py

i ; j Y

pz

i ) = i

0

B

B

@

0 0 0

0 0 � 1

0 1 0

1

C

C

A

; (160)
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0

B

B

@

h Y

px

j

h Y

py

j

h Y

pz

j

1

C

C

A

^

l

y

( j Y

px

i ; j Y

py

i ; j Y

pz

i ) = i

0

B

B

@

0 0 1

0 0 0

� 1 0 0

1

C

C

A

; (161)

0

B

B

@

h Y

px

j

h Y

py

j

h Y

pz

j

1

C

C

A

^

l

z

( j Y

px

i ; j Y

py

i ; j Y

pz

i ) = i

0

B

B

@

0 � 1 0

1 0 0

0 0 0

1

C

C

A

: (162)

It is noted that the exp ectation v alues of

^

l

v

in terms of the real harmonic functions are purely imaginary

n um b ers. The unitary transformation for the other L -comp onen ts can b e found in a subroutine

'Set Comp2Real()' in 'SetP ara DFT.c'. Th us, one can obtain the matrix represen tation for

^

l

v

in

terms of the real harmonic functions.
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