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2. Transformation Theory: Wave Functions, Expectation Values

and Charge Density Distribution  3) & 4)
3. Formulation of Total Energy: Kinetic Energy, Exchange-
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Charge  3) & 4)

4. Hamiltonian, Kohn-Sham Equation, and Atomic Forces  4)
5.  Representation by Plane-Wave Basis Set
6. Stress Tensor by Nielsen-Matrin Scheme  5)
7. Efficient Scheme to Obtain Ground-State Electronic Structure 

1) P.E. Blöchl, PRB 41 (1990) 5414,  
2) D. Vanderbilt, PRB 41 (1990) 7892,
3) P.E. Blöchl, PRB 50 (1994) 17953,  
4) G. Kresse and D. Joubert, PRB59 (1999) 1758,
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Detailed Formulation  ⇒ See PAW Note by QMAS Group
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Features of Projector Augmented Wave (PAW) Method

1.  The PAW scheme was developed by combining ideas from pseudo-potential and 
all-electron FLAPW methods.  

2.  Accuracy corresponding to that of the FLAPW method within frozen core 
approximation is attained. True valence wave functions with true nodes near 
nuclei are obtained. Thus magnetic and optical properties are accurately dealt 
with.  

3.  Efficiency in plane-wave basis computations like USPP (Ultrasoft PP). Smooth 
pseudo wave functions are dealt with in actual SCF computations, where usual 
iterative algorithms can be utilized combined with FFT techniques. Atomic 
forces and stress tensors are easily obtained by solved wave functions and 
SCF potentials. Thus large-scale  supercell computations can be performed.

4.  Transferability of pseudo-potentials and projectors of each species is 
guaranteed as USPP, and the expectation values like charge density and total 
energy are given by transformation theory. Physical quantities inside the 
augmentation regions near nuclei are given via replacing the PS partial-wave 
expression by the AE partial-wave expression, computed on radial grid mesh, 
while those in the interstitial regions are given by usual pseudo-wave functions, 
computed on usual FFT mesh.

Wave Functions in Projector Augmented Wave 
(PAW) and Usual Pseudopotential Schemes

Valence Wave 
Functions in
PAW Scheme

Core Wave 
Functions  

Pseudo-Wave 
Functions in

Pseudo-Potential 
Scheme

Pseudo-Potential
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Outline of Lecture 
1.   Pseudo-Potentials and Projectors 1) & 2)
2. Transformation Theory: Wave Functions, Expectation Values

and Charge Density Distribution  3) & 4)
3. Formulation of Total Energy: Kinetic Energy, Exchange-

Correlation Energy, Hartree Energy and Compensation 
Charge  3) & 4)

4. Hamiltonian, Kohn-Sham Equation, and Atomic Forces 4)
5.  Representation by Plane-Wave Basis Set
6. Stress Tensor by Nielsen-Matrin Scheme  5)
7. Efficient Scheme to Obtain Ground-State Electronic Structure 

1) P.E. Blöchl, PRB 41 (1990) 5414,  
2) D. Vanderbilt, PRB 41 (1990) 7892,
3) P.E. Blöchl, PRB 50 (1994) 17953,  
4) G. Kresse and D. Joubert, PRB59 (1999) 1758,
5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780 

Detailed Formulation  ⇒ See PAW Note by QMAS Group
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Practical Procedure to Compute the Atomic Terms: 
Radial Mesh Integration inside Atomic Sphere
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Outline of Lecture 
1.   Pseudo-Potentials and Projectors 1) & 2)
2. Transformation Theory: Wave Functions, Expectation Values

and Charge Density Distribution  3) & 4)
3. Formulation of Total Energy: Kinetic Energy, Exchange-

Correlation Energy, Hartree Energy and Compensation 
Charge  3) & 4)

4. Hamiltonian, Kohn-Sham Equation, and Atomic Forces  4)
5.  Representation by Plane-Wave Basis Set
6. Stress Tensor by Nielsen-Matrin Scheme  5)
7. Efficient Scheme to Obtain Ground-State Electronic Structure 

1) P.E. Blöchl, PRB 41 (1990) 5414,  
2) D. Vanderbilt, PRB 41 (1990) 7892,
3) P.E. Blöchl, PRB 50 (1994) 17953,  
4) G. Kresse and D. Joubert, PRB59 (1999) 1758,
5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780 

Detailed Formulation  ⇒ See PAW Note by QMAS Group
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Outline of Lecture 
1.   Pseudo-Potentials and Projectors 1) & 2)
2. Transformation Theory: Wave Functions, Expectation Values

and Charge Density Distribution  3) & 4)
3. Formulation of Total Energy: Kinetic Energy, Exchange-

Correlation Energy, Hartree Energy and Compensation 
Charge  3) & 4)

4. Hamiltonian, Kohn-Sham Equation, and Atomic Forces  4)
5.  Representation by Plane-Wave Basis Set
6. Stress Tensor by Nielsen-Matrin Scheme  5)
7. Efficient Scheme to Obtain Ground-State Electronic Structure 

1) P.E. Blöchl, PRB 41 (1990) 5414,  
2) D. Vanderbilt, PRB 41 (1990) 7892,
3) P.E. Blöchl, PRB 50 (1994) 17953,  
4) G. Kresse and D. Joubert, PRB59 (1999) 1758,
5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780 

Detailed Formulation  ⇒ See PAW Note by QMAS Group

National Institute of Advanced Industrial Science & Technology (AIST)

αβ
αβ ε

σ
∂
∂

Ω
= tot1 E

c

( )RR
rr

εI +⇒

GG
rr

)( εI −⇒

c
c Ω=

∂
Ω∂

αβ
αβ

δ
ε

1
1

−
−

Ω−=
∂
Ω∂

c
c

αβ
αβ

δ
ε

βαγ
αβ

γ δ
ε

G
G

−=
∂
∂

βα
αβε

GG
G

2

2

−=
∂

∂
r

βαγ
αβ

γ δ
ε

R
R

=
∂

∂
βα

αβε
RR

R
2

2

=
∂

∂
r

Stress Tensor in Plane-Wave Basis Expression: 
General Rules to Derive the Expression

VolumeCellc :Ω
Definition of Stress Tensor

TensorStrain:αβε

Uniform Deformation of the Crystal by Strain Tensor

Nielsen & Martin, 
PRB 32 (1985) 3780
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Outline of Lecture 
1.   Pseudo-Potentials and Projectors 1) & 2)
2. Transformation Theory: Wave Functions, Expectation Values

and Charge Density Distribution  3) & 4)
3. Formulation of Total Energy: Kinetic Energy, Exchange-

Correlation Energy, Hartree Energy and Compensation 
Charge  3) & 4)

4. Hamiltonian, Kohn-Sham Equation, and Atomic Forces  4)
5.  Representation by Plane-Wave Basis Set
6. Stress Tensor by Nielsen-Matrin Scheme  5)
7. Efficient Scheme to Obtain Ground-State Electronic Structure 

1) P.E. Blöchl, PRB 41 (1990) 5414,  
2) D. Vanderbilt, PRB 41 (1990) 7892,
3) P.E. Blöchl, PRB 50 (1994) 17953,  
4) G. Kresse and D. Joubert, PRB59 (1999) 1758,
5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780 

Detailed Formulation  ⇒ See PAW Note by QMAS Group
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Procedure to Obtain the Electronic Ground State 
by Iterative Schemes coupled with a Charge 
Mixing Scheme

Atomic 
Positions in 
the Cell

Input Charge 
Density

Initial Wave 
Functions

Iterative Update of 
Each Wave Function 
to Minimize the 
Expectation Value or 
Residual

Subspace 
Diagonalization 
& Update of 
OccupanciesOutput Charge Density

Judgment of 
SCF & Chare 
Mixing 

Atomic Forces

Stress Calculation

Judgment of 
Total Energy 
Convergence

Gaussian Broadening

Kerker Mixing
Pulay Mixing

Block Davidson & 
Kosugi Algorithm, 
RMM-DIIS, Conjugate-
Gradient, SD, Car-
Parrinello, etc.
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How to Obtain the Electronic Ground State 
Efficiently by Iterative Schemes 
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iii ϕϕϕ

Total-Energy 
Minimization in DFT

Gradient or 
Residual

K: Preconditioning

Gram-Schmidt
Orthogonalization

①Steepest Descent Method, Conjugate-Gradient Method, ②RMM-
DIIS Method, ③Block Davidson Method, Kosugi Method, etc.

2
pwNM × pwNM ×2
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Comparison between Steepest Descent 
and Conjugate-Gradient Schemes
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Comparison between Conjugate-
Gradient and RMM-DIIS Schemes
Comparison between Conjugate-
Gradient and RMM-DIIS Schemes

Conjugate-Gradient or 
Steepest Descent Scheme

RMM-DIIS Scheme (Pulay)

Minimization of Expectation Value. 
Update by Gradient - (H-λ)φ

Minimization of Residual: 
R=(H-λ)φ.  φ is Updated So As 
to Minimize <R|R>. 

φ=α1φi-1+α2φi+α3φi+1

R=α1Ri-1+α2Ri+α3Ri+1
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Comparison between Conjugate-
Gradient and RMM-DIIS Schemes
Comparison between Conjugate-
Gradient and RMM-DIIS Schemes

Conjugate-Gradient or 
Steepest Descent Scheme

RMM-DIIS Scheme

All the States Converge to 
the Same Bottom State if No 
Explicit Orthogonalization.  
Explicit Orthogonalization is 
Essential.

Each State Can Converge to a Near 
Eigen State with R=0.  No Need of 
Frequent Orthogonalization.  Each 
State can be Updated Independently
in Each CPU.
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Block Davidson Scheme & Kosugi 
Algorithm
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Subspace Diagonalization

11 22 mm ×

pwpw NN ×

Block Davidson Scheme

Kosugi Algorithm
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Comparison between Conjugate-Gradient 
and Steepest Descent Schemes

SiC Surface

SiC/Al InterfaceM. Kohyama, MSMSE 4 (1996) 397
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Comparison between Conjugate-Gradient 
and Block Davidson Schemes

SiC/Al Interfaces
Dependence on the Parameters of Kerker Scheme

M. Kohyama, MSMSE 4 (1996) 397
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Parallelization by MPI
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iii ϕϕϕ Gram-Schmidt

Orhogonalization

pwpw NN × pwpwlogNN

pwNM 2

FFT in Each 
Node

Each Node

Necessity of Large Data 
Communication among Nodes
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m
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m
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Independent Update of Each Wave Function in Each 
Node, But Necessity of Mutual Orthogonalization

Development of Original Development of Original 
AbAb Initio Codes with Initio Codes with 
High Parallel EfficiencyHigh Parallel Efficiency

Norm-Conserving PP 
Version “KAMIKAZE”
by M. Kohyama, S. Tanaka 
and T. Tamura (2001-)

PAW (Projector Augmented 
Wave) Version ”QMAS 
(Qauntum MAterials 
Simulator)” by S. Ishibashi, T. 
Tamura, S. Tanaka, M. 
Kohyama and K. Terakura 
(2004-)

FORTRAN 
& MPI

T. Tamura et al.,   
Model. Simul. 
Mater. Sci. Eng.
12 (2004) 945
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Efficiency of Parallel Computation 
RMM-DIIS: QMAS(PAW) Version

Efficiency of Parallel Computation 
RMM-DIIS: QMAS(PAW) Version

Even for Large Numbers of Nodes, Parallel Efficiency
is Very Good.  For N=40, δ=99% and α=76%
Even for Large Numbers of Nodes, Parallel Efficiency
is Very Good.  For N=40, δ=99% and α=76%

SiO2 72-Atom 
Cell  

Npw=12915  
384 Electrons     

Ratio TN/T1: 
10.94% (10 
Nodes: Ideal 
10%), 5.63% (20 
Nodes: Ideal 5%), 
3.27% (40 Nodes: 
Ideal 2.5%)
Efficiency         δ: 
99%, α: 76%

Cluster Machine: 

Intel Xeon ×449 
Node


