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Features of Projector Augmented Wave (PAW) Method

1. The PAW scheme was developed by combining ideas from pseudo-potential and
all-electron FLAPW methods.

2. Accuracy corresponding to that of the FLAPW method within frozen core
approximation is attained. True valence wave functions with true nodes near
nuclei are obtained. Thus magnetic and optical properties are accurately dealt
with.

3. Efficiency in plane-wave basis computations like USPP (Ultrasoft PP). Smooth
pseudo wave functions are dealt with in actual SCF computations, where usual
iterative algorithms can be utilized combined with FFT techniques. Atomic
forces and stress tensors are easily obtained by solved wave functions and
SCF potentials. Thus large-scale supercell computations can be performed.

4. Transferability of pseudo-potentials and projectors of each species is
guaranteed as USPP, and the expectation values like charge density and total
energy are given by transformation theory. Physical quantities inside the
augmentation regions near nuclei are given via replacing the PS partial-wave
expression by the AE partial-wave expression, computed on radial grid mesh,
while those in the interstitial regions are given by usual pseudo-wave functions,
computed on usual FFT mesh.
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Norm-Conserving Pseudo-Potential
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AV (r) =V, (r) = Ve (1) D.R. Hamann etal. | \// NCPPforEach/
Non-local PP, Zero for r>r,  PRLA43(1979)1494 & iz 20 25 36 as
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Pseudo-Potentials (PP) & Projectors
Norm-Conserving PP, KB-Separable PP, Generalized PP,
Generalized Separable PP, and Ultrasoft (Vanderbilt) PP

NCPP in Usual ~ ~
Semilocal Form ¥ PS = Zl: Vi(r) B = v, (1) + Zl: Av,(r)F
IA’, = Zl Y, (7) ><Y, (¥)| Angular-Momentum Projection Operator

v (I”) NCPP for Each / from Avl (7”) = Vz (I’) - Vlacal (I’) Vlocal
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Form of NCPP
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i AE Atomic KS Eq.
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Selected Energy and 1 _
Solved within r, (- 2 A+V )P =&, Unbounded
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Pseudo-Potentials (PP) & Projectors
Norm-Conserving PP, KB-Separable PP, Generalized PP,
Generalized Separable PP, and Ultrasoft (Vanderbilt) PP

{4} {%} {p,} AE Partial Waves, PS Partial Waves and Projectors

(—%A Vioear™ Vl-)% = 51-51- Generalized
~ 1 ~ - Separable
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Relaxation of the Norm-Conserving Condition = USPP by Vanderbilt
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Pseudo-Potentials (PP) & Projectors
Norm-Conserving PP, KB-Separable PP, Generalized PP,
Generalized Separable PP, and Ultrasoft (Vanderbilt) PP

Transferability of NCPP: Scattering properties are
reproduced with the Norm-Conserving Condition
i d Logarithmic
R derivative of the
2 [(W’ )? dc r 111@9} =417,£ @EYEAr. Lagial WF is
F accurate around g,
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Compensation Charge Recovers the Transferability
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U 7‘5‘1““4” ={¢;| ¢i’r + Qi ={w,| yi}x for Each I Increase
edar the Accuracy
e

—4! LY




Pseudo-Potentials (PP) & Projectors
Norm-Conserving PP, KB-Separable PP, Generalized PP,
Generalized Separable PP, and Ultrasoft (Vanderbilt) PP
USPP & PAW: Common Set of Local PP, AE & PS Partials,
and Projectors 5 Example
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Pseudo-Potentials (PP) & Projectors
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Generalized Separable PP, and Ultrasoft (Vanderbilt) PP
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Transformation Theory

AE and PS Partial Waves & Projectors within Radius r; at Each
Atomic Site
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Transformation Theory
Proof of the Transformation Theory
Operator T =%+ 2 \4)-|4) )<p |¥,)=1]%,) TZ“ZQM_‘@)@‘
Expectation Value <A> (4 )= Zf (¥,14]%,)= < |A|1\¥1H>I=an<\ifn |T*AT|‘¥’">
roar -6l 5105

—\V= Insert this in the 2" and
,A+Z\p (¢\A < ‘A) A‘¢/.>7A‘¢/,>)<p/_‘ _ 3r:dsteermsls in the 2" an

<Slp)la o) +<5\A\¢> O ) A B)d|= XA )5 =1
Tt = A+Z‘p (MA‘ / MAM>X§/‘ - App;oximate Completeness
+;‘p‘ (<¢"A‘¢/ @’ A‘{Z/‘>Xﬁf‘ . Projector Function
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Transformation Theory

Total Valence (4)= iclfnﬁ’n |A| ‘i’n> + ZP,-,»(<¢,- 44,) —<¢7 |A|¢7,>)
Charge Density " .
Distribution from ()= 7(7)+ n'(F)-7*(F) 4=7)(F|

Transformation
,7><,7 ‘ \i;n> Throughout

Theory ()= Z fn<\Ifn

the Cell
#-Ze R IEN ) 7 <;> e )
=TIl _prr )
=228 W)

1(=\ =~1(=\ Insidethe Augmented Sphere at
n (r)’ n ( ) Each Atomic Site

Py = Zf;q<\i}n ‘ﬁz><ﬁ/
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Formulation of Total Energy by Transformation
Theory

E, =2 1Y,

f, -occupancy, ¥, :TrueWaveFunction

Total Energy by True
—%A| lI’n>+ E,[n+n]+E_[n] AE Wave Functions
and True Charges

n :electronic charge density, n. :point charge density of nuclei
Transformation

Theory <A>=°z:°:ﬁl<@n A|@">+%pv(<¢i|’4|¢f>_<% |A|51>)

Final Expression f — E+E' - E*

Inside the
P afi _ 1 1 =1 Atomic
Kinetic Energy A = EA Ekin’ Ekin Sphere
Ekin :Ekin+Eiin_El::in El:ch:ZIOU<¢z |_%A|¢]>
- - - - (i./) - -
By =2 1% 1-3A1%,) Bl =) p{d1-3Al4)
> Z (i.7)
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Formulation of Total Energy: Hartree Energy
n,=n_+n, n_. . Nuclear and Core Charge Density
J‘ o (F)dF = J‘ o (F)aF nzc_.: Pseudized Nuclear & Core .Charge Density
n(7) : True Valence Charge Density
n(F)=n(F)+n' (7)1 (F) i(7): Compensation Charge Density
H(F)E 17(7)4- ﬁ(F) n(7) & n*(F)—n*(F): Same Multipole Moments

n, = n(?)+ n, (’7) Bulk Region Atomic Sphere

= (7(7)+ )+ 1, (7)) + (o + )= () + () + 7, (7))

nr - nt

n, Vs n,:Same Moment

ny=n ’_;)+ A(F)+ﬁzc(?) n vs n*—n*: Same Multipole Moments
ny. =n'(F)+n, (7 np=ntn, VS np=ntn+a,
ﬁ; — ﬁl(,-;)+ ﬁ(,‘;)+ ﬁzc (,‘;) . Same Multipole Moments

n;. —ny . No Moments outside Atomic Sphere




Whole Space including Atomic

~ _ Regions

nTW n,=n+n_=n, +n;—n;
n,=n+n+n,

‘ . n.=n+n,
o o~ A~

‘ ‘ ny VS ny. . Same Mulpipole

Moments
I’ll ﬁl vy[n..1:Unscreened Local
4 2 4 Pseudopotential
@Atomic Sphere
| _A/ST
Formulation of Total Energy' Hartree Energy
By =, Yoy oY) 2] "Tr 100 )

2
1 1 =)= 1 Electrostatic Interactlons Among
B E(nT T _nTXnT T _nT) All the Electrons and Nuclei

1.~ y~ ~1\~ -
:7(nTXnT)+ n;_n; ”T) Py _nT ”lT_”T1

f (=7t X 2 i s =77 o0
z;(ﬁT)(ﬁm(n;—ﬁ%)(ﬁ%)g(n%—ﬁ;)(n;—ﬁ;) o0

1 ”T )(”T (”T an) ( x ) Bar Means Integration
inside Atomic Sphere

l / Proof
n;. —ny . No Moments outside Atomic Sphere

Ey, E e E n, ~ny, due to n ~n' inside Atomic Sphere

E = E + E - El Final Three Terms Correspond to the
= Hartree Energy in Each Energy Term
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Formulation of Total Energy: Hartree Energy and
Exchange-CorreIatlon Energy E =E+ EY_F1

Electrostatic Interactions among PS
Valence Charges, among lons and
:l(,;+,;)(,‘;+n) (7., )i + i)+ ( )Y7.,) between PS Charges and lons (Local

Lo o 1 _ PPZ‘ U: lon-lon Electrostatic
:E(n +n)(n +n)+(nﬂ.)(n +n)+5in i }+U(R Z, ) Term
 — Interactions among True Valence
1(n;)(n;): l(nl)(nl)Jr(nzc)(n ) ( Yn.) Charges and between True Valence
2 2 Charge and Nuclear & Core Charges
—*(ﬂlﬂ) (n AT )(n AT ) inside Atomic Sphere
Interactions among PS Charges

1 V=1 = (—X—)~ and between PS Charges and lons
- _E(" +")("1 * ") )(" +") (Local PP) inside Ator?uc Sphere

n(7#)+n,(7)= (7 +i+7, )+ (n" +”c)—(n +A+TL,) 4 ;';L“aer:éec"°“'°

(nT)(nT)— (n+n+n )(n+n+n )

Exchange-

Correlation Energy E [n+n|~E [n +ﬁ+;ic]+E;ccln1 "‘”CJ_Exclﬁl +ﬁ+ﬁcl

n_: Core Charge Density 7. : Partial Core Charge -ovi€etal.
= PRB26(1982)1738
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Formulation of Total Energy: Final Form
EMZE—i—El—E1 —»
e B s bare HHH—II drdr
E =an<‘l’n -EA“I’n>+EXL_[n +n+n£_]+EH [n +n]
Integration
+.[VH Y +U(R Zi )h throughout U : Electrostatic Interaction
z 2;(4 A‘¢ >+E |n +n the System among lons
Integration ~
+EH|” +J‘QrVH[nzc]nld’_; h insige Each Viln.]:Unscreened Local
~ ~ = Atomic Pseudopotential
=ZP[,-<¢[ *%A‘¢j>+Em”1+”+”f Sphere P )
o) @ vy[n.1: True Electrostatic

+Ey [ﬁl+ﬁ]+Jorvﬂ[ﬁzl-](’71+ﬁ)dF Potential by Nuclear and

Core Electrons

E: Energy for Pseudo Valence Wave
Functions and Charges obtained

for Supercell or Crystal E' & E*: Sum for Each Atomic Site
g
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Formulation of Total Energy: Compensation

Charge n(l_; ) n(7) is constructed so as to have
True Charge Density the same multipole moments
n(F) - E(F)Jr nl(F)—ﬁl(F) with n*(¥)—n*(¥) at each atomic
n(?) _ ﬁ(?)+ﬁ(}7) Used Instead site and with enough smoothness

of True Density for FFT

nl—zl:(l_z_)p,;,-(wf)@(?)—&*<f>5,.<f>)=(lz)p,;,g,;,<f>

L-th Moment of Q; 0,(F)=4,*(F)p,(F)- 4 *(7)g, (7)
a; = _0,(F)F R Y, *(r—R)dr® 0/ (r): Radial Part of Q,(F)
_ J-Ormd 0 (r)r'*? d”Gzl,.Tn,.,z,m, Gli’,’;' ,m, - Gaunt Coefficient
HF)=gixalf-Re-R) L=@m) [ g () e =1

A(7)=>" p, QL(F) Final Expression g,: Compensation
(iZ:j) jZL: "~ " Only pj is Updated Function for Smoothing

e
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Hamiltonian and Kohn-Sham Equation

Ortho-Normatilty Condition among Pseudo Wave Functions and
Overlap Operator S
i > - <¢[

<{Pn ‘S‘ li~’m> = S[{E}]:l+§|ﬁi>qv<ﬁj| 95 :< )
LJ
Hamilton Operator H from the PAW Total Energy

dE,, _0E, o (F) .. ~OE, %, H= 2 1A ( Dl Dl)
dp I p dr+(w) op, 65, +Ueff Z'p > i+ <pj|
—— ——

|77 12:)(7)|

4,)=arq

D =Y (5, (7)0" (7 )ar®
Oui (F)= v, [0, + 7 +0]+0 [0+ +7,] ' ZL:IUEﬁ(r)Q”(r)ﬁ m Bulk
Bulk Screened Local Pseudo-Potential D} =(g 7§A+ueﬁ1‘¢j>
= Each

1 1 1
Uyp = UH[nzc +n ]+ch[” +”c] D = <~_ —3A+5ﬁ1 ~_> _ Atomic
ij e Si
Screened Potential by True Valence Charge Site
inside Each Atomic Sphere + ZI Ueff )d
~ 1 ~ ~ ~ ~ ~ ~
Uy =0y [”zc +nt+ n]+ v, [n Yin+ nc] Kohn-Sham Equation
Screened Local Atomic Pseudo-Potential H‘:f’ J)
> X =eSY
inside Each Atomic Sphere n n
] E
Aer

~ ~ : : ~ B B
E= Z FolWn| — §&|'I'”_} + Eze[t + 7t + 7] + En[n+ 1 & 25
T

+ / vy iz (R + 7)di® + U(R, Zin) (1.20)

T3 1 - e =1 T = o o %
— Zp,-j (@] — 5Al¢;) + Exe[fi! + 7 + 7ic]
(£.4) P

+ Egnt+n] +/ 1-‘;;i1’:_?c][ﬂl - r‘t}ciﬂ?‘"ﬂ‘ b (1.21)
0

Zp,:, {9:| — A [d;) + Egeln! +n,]

{i,3)
+E;,r[nl]+/ 1?;;[11”]1':]{13?_" (1.22)
a,
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> = Z:fn|'l' W,,| : Pseudodensity Operator.

AEIpk=T
dE

Tatal Energy M p TSy = i H
dE‘ G 8E ap‘,
P g 0 IE o ()
IF)<'| 1) By

:

E=E4+E' —E'Wo 0 |b,) COEsS, @ @ TOESES, G py kAT !, A
fi TOESy E O

» EIEOES. (120) K

) 1
(1) H= ——A‘I’n{?)

§(Eoot Ex) 0 _ :
® :ra:f { ”6: i) a—gd;?:[1-m[ﬁ.+f:+ﬁc]+vy[ﬁ+ﬁ+ﬁzc]}l11“(ﬂ

Boff (F) = Vaelft + 7t + o] + vprlfi + 7+ fiac] (1.34)

@ H=
o 3pi;
dn A i o
By = 200~ [ et x ILALEEI (1.35)
4; _ —
g!g" National Institute of Advanced Industrial Science & Technology (AIST)

» B! (1.21) oSy
® HOH, £ (6] - 2A165) x [B:) (B
i TOESL — RFAFGEIZONT.

f (vacli + i+ ic] + vglie + i+ ) x 37 O (7 x |72 (5
L

il TOES
RIS (RLTPY) — (¢slTet '@5) x |Ba) (B5]

PlEEEhnl
S i B
(| — §A+vcff (Fles) = |p:) (Pl
+ [ ' % @ 3o

= Dj; x |p:)(p;]  (1.36)

U ! = vt + v+ 0] dog[f.+ 7' +1] — RBTHOR

!'g’- National Institute of Advanced Industrial Science & Technology (AIST)




> B! (1.22) KOS
@ EoH, . (6] — LA16;5) x [5:) (5]
n! TOES

[ (vreln® + ne] + var[nse + n]) (Gl (Flé5)d7 x [7:) (5]
!

1 " T—
(sl — 50+ ver' (7)|65) % |Bi) (B

veit! = vi[nze + '] 4+ vee[n! 41

@ —

g!g, National Institute of Advanced Industrial Science & Technology (AIST)

BEEEwnL.
(1.34), (1.35), (1.37), (1.36) &
I

i = = - = = P
H = —5A+ta(® + Y I70) (Do + DL — DY ) (5] (1.38)
(i.4)

Teff(F) = vg [fize + 7+ 7] + vae[R + 7t + 72— (1.34)

by =Y [aa®@hrrir (135
3

1
Dt']j = {gs| - Eﬂ + E‘iﬁllqﬁi} (1.37)
— skl

Verr' = v [Nze + Nt 4 vae[n! 41

Dl = (6l — g2+ i '185) + 3 | s (IQL (e
° L Jar — (1.36)

B! = vn [flee + '+ n] + ‘!?I,_-[ﬁ] + it + i

@ —

i g'c! National Institute of Advanced Industrial Science & Technology (AIST)




Atomic Forces: Hellmann-Feynman Theorem

%) av(.z,,)
(¥ \S\ ) a,
a(H[p 1i}]- 2.5l ])‘q,> oU(t,. Z,,)

& or, or,

F:_ tot =_izf,,<

A

(i f),L a
A= (DU+D; D;—enq,,)xfnﬁ’n <ij||qln>
n,(i,j)
i _5Ex”>< - = J.U [n +n+n |x ~C(F)d#3
nlcc &l—c é‘_. e ¢ a
]
| AIST

9.3 Atomic Force M#EH : Hellmann-Feynman O FEE DA

» Eo[{R.), {U,)] t%FbLELZ, Atomic Force d;I;L Iz, R, oitEREEy, (I,) %
BUTEFETAEICTTEAD.

(0.17)

7 _ BB _ OB | 2 W, | 6B air,.
dR,  8R, s, AR, 48U X BE,

» fEEEFE ((0.12) &, (9.15) XEHWD)
B  OVn  $Eoy 9V Ay, v,
i S e RS (D, |H| s*f 'Hw
Z{ 50, R,  oU: R, } Z{ HI3E, | } “

- 9B, oW, -
:ZEII {(\I’nlsi?}—'{ = |S|‘I"rz}} X fn

AR,
- _an n(Tn (9.18)
o (0S|, = 1 ER
O (FalSIE) = 0,
Of,
2 K ol a8 - - O,
C_H—?'u‘.:\l'lnlsiq'rn} = ‘: rd_-ﬂ n}'e'(.q'rnlsia_ﬁ“.\":l]
= PAW Note V.1.6
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» HEEETEE
(9.1) KD Ep, AD. Vieea, =D > p > QI (7) P QU (), ply IO |52) (52| A5,
a i im
(Ra} (ciiiEfkts+ 5.
fit>T
aEL(JL 'Bl’rioca]{r_"} = oy 78 / aQi] a -
—— = = +a)di™ + [ 1 d
aR, f GiL, ‘“mzpu%; oR,
a|p, (95|
f a3 2 Q) x 3 fulnl = 1)
ij Im
|P: {P
Z me | 2 |i,,) (9.19)
W NI =T oOEH L EREICTLS. B
—¥, (0.18) Rz, UFIcEHELD
. ANpi
st = - D) DAL )
ij n
BE(0.10) X0 2, 3|L, B & 7 CHAELT AL R, THE. BAEE, BN -F & p2 CHELT, o &
R, sy,
agm National Institute of Advanced Industrial Science & Technology (AIST)

Ll E# G, Atomic Force |1

+ [ ZOWDY

lm
+ZZ Dtja+D;l_;c
i n

ooy (AEeEs) .

i, R,

|_qrer

= (‘ﬂf]ocal{F) - P
—F,= | ————(n+n)dr
f oR, ( )

8{2“ - (7) Hi7a() s

ELEiz & ¥, Hellmann-Feynman @EPE (R S OW%E) I TEL
Kresse H@am3C & E L.

BR
= ANyl <
Dtlj a Eﬂqt'j.a}fn{.l'ﬂ|?j|wn} [9-21}
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Practical Procedure to Prepare the Functional
Forms: Examples (Other forms are possible)

_ zaij(q,-’” < rL,’ Smooth PS P_artial Wav?s Using Spherical
$,(r)=15 Bessel Functions, Continuously
! Connected to AE Partial Waves at r,

#:(r) r>r

veo( )_Asin(qlocr) < Screened Atomic Local Pseudo-
tocal 1) = r "<'ic  Ppotential, Continuously Connected to
Screened AE Potential =Unscreening

=V >
() "= Tioc Projectors are constructed by PS
Partial Waves and Screened Local PP

p SN4.r) Sln Partial Core Charge inside Some Radius,
Z Continuously Connected to True Core
=2 Charge outside the Radius
3
g (r) = Z a'l.ljl (ql.lr) Compensation Function Using
i=1 Spherical Bessel Functions
Conditions to Determine & {/iomp)=0 J"mmn 1+2
e rrdr=1
the Coefficients g,( mmp) 0, gl"(rwmp)= o Jo gl( )
AIET

Practical Procedure to Compute the Atomic
Terms: Radial Mesh Integration inside Atomic

Sphere 1

¢,-,()F)=¢"‘l‘(r)m(?) _12A¢j> . a2 L +1)

50 4 | N :(—js,,,,am,m,jo'“czﬁn,,,(r)[2— = }qﬁn,,,(r)dr

=, Radial Part =800 [, (e, V(i (e

(¢,-|UH[ > 1O, [ a1, (7N ()d

N WA _/‘ (FIA) s s ﬂ ) e
_ZZL+1 Ghw () G, ’ This term contains

the final equation.

{2 O, O 0
o] Lo o, O )

—4! Ly




Practical Procedure to Compute the Atomic Terms:
Radial Mesh Integration inside Atomic Sphere

02Oy 0 A58 ( ]W I o [ G

4
b ( ). . Radial Part 11, O, J. ¢ /'(r)]¢n/1/ (r)dr
p
<¢ ‘L)H > 31,0, J”m vy, ](r)y?”',' (”)511,1, (r)ar ” (Z,*(’?)izj(’?)z 047
L r3d7 3
A
E [+ i]= J'J' i +11)(i: +1) g S AT G (g
This term contalns the following = 2+ s
three-types of integrations. x| d{j"df(%} 2.0, (), ()
B B _ N 0 0 Iz +1 nl; nyl;
ir ZQV(")ZQM(") h "
N oLm L-M L L' 37513
22L+1G1’m’1m( ) Glmlm _[_[ ‘;_;‘ rar

LM
1L

< [ 2 B 0, 08,008, :;22’11<—1>Mq;w
el O 0,0 a7 e o] )

| 4IST

Outline of Lecture
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Pseudo-Potentials and Projectors 1) & 2)

2. Transformation Theory: Wave Functions, Expectation Values
and Charge Density Distribution 3) & 4)

3. Formulation of Total Energy: Kinetic Energy, Exchange-
Correlation Energy, Hartree Energy and Compensation
Charge 3) & 4)

Hamiltonian, Kohn-Sham Equation, and Atomic Forces 4)
Representation by Plane-Wave Basis Set

Stress Tensor by Nielsen-Matrin Scheme 5)

Efficient Scheme to Obtain Ground-State Electronic Structure

1) P.E. Blchl, PRB 41 (1990) 5414,

2) D. Vanderbilt, PRB 41 (1990) 7892,

3) P.E. Bléchl, PRB 50 (1994) 17953,

4) G. Kresse and D. Joubert, PRB59 (1999) 1758,

5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780

Detailed Formulation = See PAW Note by QMAS Group
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Representation by Plane-Wave Basis Set: Usage
of the Symmetry [ i, Bz —F in I.P.& RotationR

Projector Function L _
AR WAL N AN EHCA L

AP WALH

k-Space Integratlon throughout k-Space Integration in Irreducible Part
Brillouin Zone (B.Z.) (I.P.)in B.Z. by Using Symmetry. R:
Rotation of Spherica| Harmonics Rotation Matrix of Symmetric Element
z >< D’ Necessity to Rotate the Projector
(Spherical Harmonics Y,,) by R
Dm’m(aﬂ}/)=e_lmn drln’m(ﬂ)e_l’m | > ﬁ 1 (r) ( )
p,)=—""-"Y, (r
. (—mp(+m' )] 1 ( g]z‘ {oi=m) (_ _ Ej P . m,
GnF)= |:(l+m) W —m )] (m'—m) %3 7

a, B,y: Euler

xF(m —lLi=m—=I;m'-m+1—- tanzﬂ] fOl” m'=m

Angles of R
o (B)= (1m0 = m) (W= 1T g
XZ (~2)f (cos ﬁ)z”(""””)’z"' See M.E. Rose, Elementary
[ k)(l+m J)Nom' = m+ kI Theory of Angular
( . ﬁ) % Momentum
] 2
| AIST

Representation by Plane-Wave Basis Set: Wave
Functions and Projectors

{R}: Lattice Vector {G}: Reciprocal Lattice Vector

{t.}: Atomic Position Vector in the Cell Q,: Cell Volume

.. -1 .e, PlaneWave g Pseudo Wave
i+ G> Q 2¢ ifi+G)e Basis Y. Z i+G k+G> Function
- F(F)- B A\ True Wave
(7)) = Zc: >+Z{CD!' (7)-i (7 }G. <p"‘k+G>C"'+G Function

_ —)> Bloch Sum of AE
(PS) Partial Waves

-

ZN 2, 7, +R)
ﬁ;>=R(r)Yz,m,(?) (r)=

- (. = - ~ Projectorin Supercell
p)= ; p,.(r —l _R)> = ZR:Pz( F=i, —R‘)Y,’m’ (r=t,-R) (Crystal) System

) Projector at Each Atomic Site

i) ef,(;.zﬂylzml (k+G)r° PP(r ]1 (‘k+G‘ )dr Plane-Wave
0 Expression of

1
2
%(z)l ey, Z*(k+G).[: r*P(r)j, (‘k +G‘r)dr the Projector

v>=47rQ;
Qc

T
<
Ell
+
Q
-
1]
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Representation by Plane-Wave Basis Set: Projector
Function and Charge Density Distribution
Projector Function at Atom a

£ S0 ST W0, W

Oy Atom at t, Translated by {R |}
x{[;@,(t‘b;m;)i G>Ck+aH;<ﬁ/(fb;’”3)
+=1 [;@5 @ ?—m;)‘]; + G>C£+d}|:;<ﬁ/ (;b;_m; )
Valence Charge Density

i >z PIATAGIES> z_‘a,,;{\%mr +\@,.m,<f>r>:§ T2, 50 |
-EE e iR RO)-EET A bR -7 -R)
Compensatlon Charge Density a
EOPRIPN F-i,-R)  Orl-i-R)=apxelfF—i,~ R, (-t -R

i, i,j
n(r) = Z 7(G) e Fourier Components

p,(t,;m,): Projector of the Same

i+ G>Ck+0i| from Atom a at t, and with m=m;

K+ G)CM

of the Symmetric
Element

}H R: Rotation Matrix

| 4I€T

Representation by Plane-Wave Basis Set: Total

Ener: 1 1
e gy Etot :Ekin+Exc+EH+Elocal+E _E +Ei—i
oce - 1~ - 1~ E;; : lon-lon
Eg, = z;;fk Z{<‘I'Rk ‘ -5 A‘ lPRk> + <\P7mg” ‘ Y A‘ ¥ e, >} Electrostatic Energy
~ 1.5 1 2 1 2 ~ 1.5
<\P i ‘774\? > 24 Cl (‘ P ‘ ‘ <\P7RA"‘7EA\P

E, —Ig (7)+ a7 )+n (7 ))(n(r)+n(r +7,(F))dF  n(G), Vi(G), Viee(G):
Fourier Components

£, = [V, P V,,,t.(f):zzv;;f(ffa71?):2%,,1@ ¢ Vg

Unscreened
,Q DIAE ( E,. = .[ - (F)n(F)dr =, ZVI ( ) ( (;) Atomic Local
G#0 G#0 PP

n(r) = n(7F) + () :Zn(é)ei(}"' v, (G): From Poisson Equation of n(G)

El:z;p”l< > ZE [n +nJ+ZE ln r -z, J+ZI vy ln., ]n )d
=il

o 0

7
|t

EEYN 5}?>+ZEXC[51+ﬁ+ﬁCJ+ZEH[ﬁl+ﬁJ+ZJ.Q‘uH[ﬁZC](ﬁl+ﬁ)dF3




Representation by Plane-Wave Basis Set: Atomic
Terms inside Atomic Sphere

E' =ZZ/J§<¢?‘—%A‘¢7>+ZEM|_n1+n£J+ZEH[n1(F—tﬂa)J+ZJ.Q’ UH[nZE]nl(F—fa)d?3

The 3 term contains this type of The 4th term contains this type of
integration integration
*ZZP szﬂ (rF) F( iy )d73d7’3 In. U”[n”](r);p; # e )

ZZ =27 (¢ ouln. o)

Y P5 Pax Vi
Bkl _ijxgllgmm X.[ UH ]( )X¢:1 (r)gﬁn"/,/(r)dr
E'= ZZpJ ? 1A‘¢ > ZEM|_711+ﬁ+ncJ ZEHn +n ZI UH ](n +n)
- 46, 0. ()

(3 ¢ 3 3 13
fzzp P ” 7 di*di® + [ Wd?d?
The 34 term contains
this type of integration ¢[¢12Q,§7’ () ZQW () ZQ

+”7’;77[ drdr® +f —’m o dFedr"

]
| AI€T

Representation by Plane-Wave Basis Set:
Hamiltonian and Kohn-Sham Equation

H=-2A+0,4(F +ZZZ‘p(r t,—R )>(D”+D” D”)<P/(’” t_k)‘

Bj = [0 (I O (F =1, Jar* Dy = (g7 |- 5 Alg )+ (g v, [n,.]|67)
-0,Y 5,4(6)<0,.(-6) (o oulr] o)+ (g ot +n ) gr)
Integration in the Crystal (Supercell) L
By = (7| 20+ (7 7. ) Each Atomic Sohere

(T ol )3+ o+ 7.]5) l

N O I e IR

s=1+ 3 ¥ 3|7, - R)ay (7. ﬁ)\ 4y, =0 |8)- (3"

by Ual]

¢;ja

Integration within r,

~—
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Outline of Lecture
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Pseudo-Potentials and Projectors 1) & 2)

2. Transformation Theory: Wave Functions, Expectation Values
and Charge Density Distribution 3) & 4)

3. Formulation of Total Energy: Kinetic Energy, Exchange-
Correlation Energy, Hartree Energy and Compensation
Charge 3) & 4)

Hamiltonian, Kohn-Sham Equation, and Atomic Forces 4)
Representation by Plane-Wave Basis Set

Stress Tensor by Nielsen-Matrin Scheme 5)

Efficient Scheme to Obtain Ground-State Electronic Structure

1) P.E. Blchl, PRB 41 (1990) 5414,

2) D. Vanderbilt, PRB 41 (1990) 7892,

3) P.E. Bléchl, PRB 50 (1994) 17953,

4) G. Kresse and D. Joubert, PRB59 (1999) 1758,

5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780

N o a bk

P>, Detailed Formulation = See PAW Note by QMAS Group
|_gier

Stress Tensor in Plane-Wave Basis Expression:
General Rules to Derive the Expression

i OEx Definition of Stress Tensor

O =
i Q. 0¢,, Q. :Cell Volume &, Strain Tensor

Uniform Deformation of the Crystal by Strain Tensor

R R — 1 =2R R —~=0,R
R= (I+¢)R 5, el o5,
. i oG, _ o
G:>(I_8)G 7:_2GaGﬁ d¢ - Yap
08, 4
oQ, a0 ! ~ Nielsen & Martin,
Py O €2, < =-5,0"  PRB32(1985)3780
gaﬁ aga/;

| _arer




Stress Tensor in Plane-Wave Basis (Reciprocal-
Space) Expression
E, =E, +E_+E,+E, +E'-E‘*+E_  E, ..

“[R(E+RG] [R(E + RG],

=E1_El

Zk%f ZZ‘CIH-R G
= (—Z)ZZRQ, ,552 Zf Z‘ rG (/;+é),(/€+é)5 R: Rotation Matrix
koo " ke of the Symmetric
L 5,050, (O] 0,0 X0 (65(6] Element
504; - -

= (){@gl MJ LDA Form
= o€

n(F) =i (F) +i(F) = Y n(G) e

OE, _ ‘ (G)‘ZXG,,G/y - = = G
06, e ‘G‘ ‘5;‘2 n(G) =n(G)+n(G)
Loy {(%ﬁ(a)ﬂ@J ,;(a)ﬂ.c}
P G‘ oz,
| AIST

Stress Tensor in Plane-Wave Basis (Reciprocal-
Space) Expression

E = Ekin +Exc +EH +Elocal +E1 _El +Ei7i Enon—local = El _El
_.(=). 07°(G)
=Q >V, G+ 2=\
(; '°°( )( o ( )+ ¢, J V2,,.: Unscreened
- e - Atomic Local PP
+(;)n (G) ”_‘ﬁ ><472'Ze7’6't“ JO V,;’C(r)x e le(‘G‘r)dr
OE, op;
agl § ZZ,:(%;J(K i +Ze & ’“j K,j, Vi,a and Wyalk

IS 2], b o) 1) Atomic Terms

—#M(ﬁﬁﬁf+ﬁf)x(%”*(7)45,-”(7)+ZQ,,’-f”a(f)j}dfs

0i(G) on,(G) und 2Pi Details are given in PAW
0c,;  0c, d¢,,  Note.

=

—4! Ly



Outline of Lecture
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Pseudo-Potentials and Projectors 1) & 2)

2. Transformation Theory: Wave Functions, Expectation Values
and Charge Density Distribution 3) & 4)

3. Formulation of Total Energy: Kinetic Energy, Exchange-
Correlation Energy, Hartree Energy and Compensation
Charge 3) & 4)

Hamiltonian, Kohn-Sham Equation, and Atomic Forces 4)
Representation by Plane-Wave Basis Set

Stress Tensor by Nielsen-Matrin Scheme 5)

Efficient Scheme to Obtain Ground-State Electronic Structure

1) P.E. Blchl, PRB 41 (1990) 5414,

2) D. Vanderbilt, PRB 41 (1990) 7892,

3) P.E. Bléchl, PRB 50 (1994) 17953,

4) G. Kresse and D. Joubert, PRB59 (1999) 1758,

5) O.H. Nielsen and R.M. Martin, PRB 32 (1985) 3780

No a bk~

P> Detailed Formulation = See PAW Note by QMAS Group.
|_gieT

Procedure to Obtain the Electronic Ground State
by Iterative Schemes coupled with a Charge

Mixing Scheme Iterative Update of
Each Wave Function
Atomic Input Charge Initial Wave to Minimize the
Positions in - Density = Functions ™ Expectation Value or
the Cell t Residual
Block Davidson &
Judgment of - .
SCF & Chare Kosugi Algorithm,
Mixin RMM-DIIS, Conjugate-
Judgment of 9 Gradient, SD, Car-
Total Energy Kerker Mixing  Parrinello, etc.
Convergence Pulay Mixing
l Subspace
Atomic Forces glaizr;?:zitlon
‘ Output Charge Density 4mm A
Stress Calculation Gaussian Broadening

7
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How to Obtain the Electronic Ground State
Efficiently by lterative Schemes
_ 3 3 Total-Energy
F=E,le}] ;ﬂ’ﬁ(<¢i‘¢1> %) Minimization in DFT
oF ok, Gradient or
= —>YAo.=Hp —Aop =(H—-1)p =—g.
; 0=l Ao =H -2 ="8 o idual

*

Sp, Oy
(H_/?’i)¢i = (H_/ii)(%'o +§¢i) = (H—/i,-)&ﬂi

_ o0 >
I .
-1 -1 2 2
5@:Hs (H_;Li)@:_Hs 8i MXpr ‘ M ><]pr

o’ = —6p, =0 —K(H-1)p = ¢, +Kg, K Preconditioning

Q. =@ - <¢, ¢i>¢, = || Gram-Schmidt
JZ«; ! »e=elle |Orthogonalization

(DSteepest Descent Method, Conjugate-Gradient Method, @ RMM-
_DIIS Method, @Block Davidson Method, Kosugi Method, etc.

V iATA

Comparison between Steepest Descent

and Conjugate-Gradient Schemes
STEEPEST DESGENTS Gradient

g =—(H-4")p’

ot =" +yKg!' SG

m+1 m m
CONNGATE GRRDEN o =" +ap” CG
m m m-1
m| _m
<g i ‘gi >
}/ m - _mfl _mfl
FIG. 14. Schematic illustration of two methoads of convergence 8i 8i
to the center of an anmisotropic harmonic potential. Top:

steepest-descents method requires many steps to converge. Bot-
tom: Conjugate-gradients methed allows convergence in two

steps.




Comparison between Conjugate-
Gradient and RMM-DIIS Schemes

Conjugate-Gradient or RMM-DIIS Scheme (Pulay)
Steepest Descent Scheme Residuod. Vector
Expectation  ¢o1114) T becond A@HD
lﬁ‘ oy 18 (HIO)/ 416 7 “R (H-N$,
m
g # g
0 y
1 S A,

P=0, @ +0, ¢ +0; !

R=0,R"+a,Ri+0;R*1

Minimization of Expectation Value Minimization of Resldual:
" R=(H-A)o. @ is Updated So As

_gzypdate by Gradient - (H-A)¢ to Minimize <R|R>.
| arer

Comparison between Conjugate-
Gradient and RMM-DIIS Schemes

Conjugate-Gradient or

RMM-DIIS Sch
Steepest Descent Scheme cheme

K

3 ¢(°) (o) -
F 3-\)?;” E— ?N?isr—'—'—v‘ ¢lb)| RY*0
N T

2 2 2

¢ °)\"6§’{~+- ¢ s g IR)20
IQ\): ‘\:\ !:”\.’-. o (o0) ol
\)OJ’. O L 25— ¢1 p [R)x0
Sy e

S 4

All the States Converge’ to Each State Can Converge to a Near
the Same Bottom State if No Eigen State with R=0. No Need of
Explicit Orthogonalization. Frequent Orthogonalization. Each
Explicit Orthogonalizationis State can be Updated Independently

a5 Essential. in.Each.CPU.
| a6




Block Davidson Scheme & Kosugi

Algorithm
é‘@n :_Hv_l(H —/Z" )Qm :]_Is_lgzm N pw X NPW
m+1

o =g +op]
Hij:<¢i‘H‘¢j> H¢i:‘9i¢i Q:ZCljwj M x M

J
Subspace Diagonalization {¢,} wmd {4}

Block Davidson Scheme

{0,0p} H,=(p|H|p,) H.w={0l|Ho0,)

Kosugi Algorithm 2M x2M
4{@’ 5(01'}1':1,;111 {2, §¢i}i=m1+1,m2 2m, x 2m,

|_AIET

Comparison between Conjugate-Gradient
and Steepest Descent Schemes

1 02 1 02 -
- y e CG . o MODIFIED EOA%
o o ALL—BAND CG > K * MODIFIED (0.5
<100 4 ~ < Ef/*loo,-* oo
> — s
(@) . > — EEBD
% W 072 %:-. 8 .I O,z | ;2
Z - o, [} *eo
A R & T« s TPA
L 1074 M‘. N 1 047 **.o. « BKL
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Comparison between Conjugate-Gradient
and Block Davidson Schemes

1 g
BKL = Go®=0.5 w BKL @ NO.1
e * Go2=1.0 Z . o NO.36
Ci %
10724 % ° Go*=1.5 g % BD + NO.1
L | 2359599959558 ; 1 O—2_ o 8 NO.56
Q .% fag O560, o 02
= ) % Bag, x . 5990
<C " 04 o QQ % — CE) EID.?OOOQO
% 5 B e
il | . -
- ngQ@@ggag é ! 0—4 ] * .Da. OOODOO
6 2820 1 x fe ofitnefseees o,
10™+ 8D o Coieemer D e Ry
5 Gi=10 e O 2 7 N
A S B ]
2 w
1 043 Go —|1 5 T.. % 1 0_6 ‘ .T
0 10 20 30 0 10 20 30
ITERATION ITERATION

Dependence on the Parameters of Kerker Scheme
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Efficient Charge Mixing Scheme in Self-
Consistent Iterations
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Parallelization by MPI
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Independent Update of Each Wave Function in Each
Node, But Necessity of Mutual Orthogonalization
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Development of Original FORTRAN
Ab Initio COdes With | Set initial wave functions and charge density | & M PI

High Parallel Efficiency k
| |

Optimization of wave functions Optimization _of wave functions
by the RMM-DI IS methad by the BKL-CG method

Norm-Conserving PP v

The Gram-Schmidt orthegenalization |

Version “KAMIKAZE” 1

by M. Kohyama, S. Tanaka | __ Supice dagunaleztin
and T. Tamura (2001-)

PAW (Projector Augmented
Wave) Version "QMAS
(Qauntum MAterials
Simulator)” by S. Ishibashi, T.
Tamura, S. Tanaka, M.
Kohyama and K. Terakura
(2004-)
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Efficiency of Parallel Computation
RMM-DIIS: QMAS(PAW) Version

SiO2 72-Atom
Cell

Npw=12915
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Cluster Machine:
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parallel efficiency

N (Number of Processors)

50

Ratio TN/T1:
10.94% (10
Nodes: Ideal
10%), 5.63% (20
Nodes: Ideal 5%),
3.27% (40 Nodes:
Ideal 2.5%)
Efficiency
99%, a: 76%

o:

Even for Large Numbers of Nodes, Parallel Efficiency
is Very Good. For N=40, 5=99% and a=76%
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