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Chapter 1

Orthogonal Basis Sets

In this chapter, the theory of recursion methods are discussed within an orthogonal tight-
binding representation. Then, as an extension of the recursion method, a practical recursion
method based on the block Lanczos algorithm are presented. Several convergence properties
for energies and forces show that the block scheme handles automatically the very different
character of ¢ and 7 bonds by introducing block elements, which produces rapid convergence
of the energies and forces within insulators, semiconductors, metals, and molecules. The
method gives the first convergent results for vacancies in semiconductors using a moments-
based method with a low number of moments. Our use of the Lanczos basis simplifies the
calculations of the band energy and forces, which allows the application of the method to
the molecular dynamics simulations of large systems.

1.1 Theory

1.1.1 Tight-binding

Let us start the recursion method or bond-order potential (BOP) within the two center
orthogonal TB representation[10, 31]. It will be assumed that the basis set is an orthonormal
set of atomiclike orbitals |ia) where i is a site index, and « an orbital index. The Hamiltonian
can be represented by the matrix Hio ;3 = (ia H|j3). The on-site elements of the matrix are
written as €;,,. The cohesive energy, assuming that the electrons are at a finite temperature
T, is the sum of bond, promotion, and repulsive energies:

Ecoh = Ebond + Eprom + Erep7 (11)

where the repulsive energy is given by the sum of pair potentials or embedded potentials
which are usually determined so that the TB model reproduces equilibrium structures and
elastic constants. The bond energy is the attractive contribution that leads to cohesion.
There are two different but equivalent expressions that describe the bond energy. The first
gives the bond energy in terms of the on-site density of states as follows:

Evona = 2%/@7 — €ia)Nia(E) f (LZ:B_TM> dE, (1.2)

where n;,(FE) is the density of states projected onto orbital |icr), and the function f(z) =
1/[1 + exp(x)] is the Fermi function. The second gives the bond energy explicitly in terms



of the individual intersite bond energies as follows:

Fyvona = L > (2@ia,j,8Hjﬂ,ia)> (1.3)
2 1a£j B

where 0, ;3 is the bond-order between orbitals |ia) and |j3), and the expression parenthesis
represents the corresponding bond energy associated with orbitals |ia) and |j/3). This allows
us to interpret the bonding and structure of molecules and solids from a chemical point of
view[32]. It should be noted that the bond-order is not pairwise but is determined by the
particular arrangement and connectivity of the atoms adjacent to the two atoms forming the
bond. In the block BOP representation the two different expressions Egs. (1.2) and (1.3)
for the bond energy are exactly identical at any level of approximations. The proof will be
given later on. The promotion energy is defined by

Epom = Y. (€iaNia — €5 N5,) | (1.4)
ia

where N;, and N7, are the number of electrons in |ia) in the condensed and free atomic
systems, respectively. The promotion energy is repulsive due to the excitation of electrons
from their free atomic ground state as the atoms are brought together. Therefore, the
cohesive energy of a system is determined by the balance between the attractive bond energy
and the repulsive pairwise/embedding and promotion energies. The bond and promotion
energies can be repartitioned into the band and atomic energies:

Ebond + Eprom - Z G)wc,jﬂ 7B ia + Z (Ezoc [1e E?aNiOa>
ta#jp
= E:@mmﬂmm—ilm
i,j 3 e’
= Eband - Eatoms' (15)

Fhana 1s equal to the energy which is defined by integrating Y°,, En(E) up to the Fermi
level.

In the TB model the single particle eigenfunctions are expanded in a basis set that is an
orthonormal set of real atomiclike orbitals: |ic).

ZC(d’ liat), (1.6)

where the expansion coefficients are defined by C? = (ia|¢). C. m ) is always real because of
real atomic orbitals and Hamiltonian. Then the bond-orders may be defined in terms of the
expansion coefficients as follows:

€0 _
Oy =25 CCs (S 7). (17)
¢

where the factor 2 accounts for spin degeneracy. € is the eigenvalue corresponding to an
eigenstate |¢).



The force on atom k is obtained by differentiating Eq. (1.1) with respect to atomic
positions:

aE'coh
F, = —
F 8rk
a@ 99iajs OH;p,; OFx
- ia i @y g e} T rep, 1.8

The first term of Eq. (1.8) is identically zero at zero electronic temperature so that

0Hjgia OF
F, — _ Ny JBsia rep 1.9
g Z © 96 8I'k 8I'k ’ ( )

ia,j 3

where the first term of Eq. (1.9) is the Hellmann-Feynman force. If the bond-orders are
approximate values, then the sum of the derivatives of the bond-orders with respect to atomic
positions will not be zero, so that Eq. (1.9) gives the exact force which is consistent with
the total energy at zero temperature. while in insulators and metals at a finite temperature,
on the other hand, the sum is not always zero. However, in the block BOP representation
the forces are given by Eq. (1.9), since it is very difficult to evaluate the derivatives of the
bond-orders. Hence, the forces calculated by block BOP become exact as the bond-orders
converge to the exact values.

1.1.2 One-particle Green’s functions

The local density of states and bond-orders can be related to the one particle Green’s func-
tions. The one particle Green’s function operator is defined by

G(2Z) = (Z-H)"
oy (1.10)

¢

Then the imaginary part of the diagonal elements of the Green’s function matrix give the
local density of states:

' - —0" (iar|p) (d]ir)
Im Gigia(E +i0%) = ; (E —€e9)2 4+ (0F)2

= 1Y (Ci))S(E — )
o

= —ni(F).

Therefore
1
nm(E) = ——Im Gia,ia(E + iO+), (111)
™
where Gii0(Z) = (ia|G(Z)]ia), O represents a positive infinitesimal, and §(x) is the delta
function. The imaginary part of the off-diagonal elements of the Green’s function matrix
has the following relation to the expansion coefficients of the single particle eigenfunctions:

Im G js(E +i07) = Z — €9, (1.12)



Multiplying the both sides of Eq. (1.12) by the Fermi function, integrating with respect to
the energy we obtain the following useful expression for the bond-order:

) E—p
o "
Im/Gza’JB(E—i—lO )f( T JdE

E —
——r Yl [aE - o=
@

kgT

)dE

() _
_ (@) ~(8) ¢ € H

T

— —§®1a’]5

Therefore

2 ) E—pn
@ioc,jﬁ = —%Im/vajg(E -+ 10+)f(

7 ) (1.13)

The evaluations of the bond energy Eqgs. (1.2) and (1.3) require calculating the local density
of states and bond-orders. We obtain the local density of states and bond-orders from the
Green’s function through Egs. (1.11) and (1.13). The diagonal elements of the Green’s

function matrix can be calculated in a numerically stable way by the recursion method|[33,
34].

Additional derivation (A)

Consider the matrix form of Green’s function:
G(Z)=(ZI — H)™*
The Hamiltonian H follows the eigenvalue matrix equation:
HA=AF
Then

(ZI — HAAN™!
(ZI — AEAT)™!

= (ZAAT — AEAN™!
(A[ZI — E]AT)™!
(A[ZI — E]7' A

So, we have

N
Gi(Z) = Y anaj,
k=1



Additional derivation (B)

Let us consider the nature of a function g(Z):

Let Z be E + ic, then

1 1 1
mg(E+ie) = 5 (Z—Eo N —Eo)
1 1 1
2 (E—EoJrig N E—Eo—i6>
: —€
Img(E +ie) = (E—E)te
Outline of Img(E + ic) are as follows:
! Img(E+iep) |
0
1l
2|
3l
al
5|
-6-3 2 1 0 1 2 3

where Fy = 0 and ¢ = 0.2. Integrating Img(E + ic) on the real axis:

/ ~ Img(E + ic)dE

o0 —€
- /_oo (E— o) +¢
1 E— FEy™
e [ tan~t 220
£ g — 00
= -7

So, we find

1
hH(l) ——Img(E + i) = 6(E — Ey)
e— T

1.1.3 Recursion method

Any Hermite Hamiltonian matrix H can be tridiagonalized using the Lanczos algorithm.

First, assume that H is tridiagonalized by the unitary transformation with an unitary matrix
U:

Hrp = UTHU. (1.14)



H and Hrp are satisfied the following eigenvalue matrix equations:

HA = AE, (1.15)
HypB = BE. (1.16)

So, we have B = UTA . The Green’s function Grp(Z) for Hrp can be ralated to the original
Green’s function G(Z) as follows:

Gro(Z) = (ZI - Hrp) ™,
(ZI —UTHU)™
(ZzU'U —UTHU) ™
= [U'(ZI - H)U]™
= UYW(ZI - H)™'U,
Gmo(Z) = U'G(Z)U. (1.17)
Also, the diagonal elements G;;(Z) and GP(Z) are written using A and B, respectively, as
follows:
al 1
Gu(Z) = Z aika;kﬁ (1.18)
Gy (2) = Z bmb*kZ 5 (1.19)

Here, let us assume that G};°(7) is equivalent to G;;(Z). The assumption requires a;; = b;;.
Considering a;; = Zk 1 Uiy, then, the following condition must be satisfied:

1.2

By the Lanczos algorithm, we can make an unitary matrix which satisfies the condition
Eq. (1.20). Writing Eq. (1.14) explicitly, we have

H{|U0 >, |U’1 >, |U2 >y |uN >} = {’UO >, ’ul >, |U2 >y |UN >} X (121)
a [
fioar o

51\771 anN—1 @N

BN an
H|UO> = |u0>ozo+]u0>ﬁl,
H|U1> = |u0>ﬁ1+|u1>a1—|—|uQ>ﬁ2,
H‘Un > = |un,1 > ﬂn -+ ’Un > oy + ‘/U/nJrl > ﬁn+1, (122)



where U = {|ug >, |uy >,|ug >, ..., Juy >}. Then, inversely solving Eq. (1.22), we get the
following Lanczos algorithm:

Set < ugl =(1,0,0,....)
Compute  Hlu, >
Compute  «a, < u,|H|u, >
Compute  |r, >= Hl|u, > —|up—1 > B — |un > ay
Compute 3, =\/< ry|r, >
Compute  |upy1 >=|rn, > /Fn
n:=n+1 (1.23)

It can be easily proven by the inductive method that U = {|ug >, |u; >, |ug >, ..., |uy >} is
an orthonormal set. From Eq. (1.23), we have

[tuns1 > Bn = Hluy > —|un_1 > By — |un > ayp (1.24)

In case of n = 0, < wp|ug >= 1. Assuming that {|u,, >} is an orthonormal set upto n, then
Mulplying < uy| for k=0~ n from the left side of Eq. (1.24), we find

< Uglupir > B = < ug|Hlu, > — < uglup—1 > Gn— < uglu, > ay
= 0. (1.25)

In case of k = n + 1, we clearly see < w,11|tun+1 >= 1. Therefore, U = {Jug >, |ug >, |ug >
, ...y Jun >} is an orthonormal set.

We also find that the condition, Eq. (1.20), is satisfied for U = {|ug >,|u1 >,|uy >
sy Jux >}. So, we can use GIP(Z) instead of G(Z). GEP(Z) is calculated as the ratio of
the determinant D to the reduced determinant D; of (Z1 — Hrp) as follows:

D
D7y = 2L 1.2
GIP(2) = = (1.26)
where
D = det(ZI — Hrp) (1.27)
Dy = det(ZI — Hyp) (1.28)
with
a ﬂ2
B2 g B3

5N—1 anN_1 5N
By an




Let us consider Cauchy expansion, the determinants D and D, for the tridiagonaized
Hamiltonian Hrp.

ag B
B oar [P
A 7 (1.29)
Bn-1 an-1 Bn
By an
det(Z1 — Hrp) can be written using Laplace expansion for the first row as follows:
det(ZI — HTD) = (Z — Oé())AH — ﬁlAlg, (130)
where A;; and Ajs are cofactors given by
All - Dl, (131)
A12 = ﬁlDz. (132)
Therefore, we have
D = (Z — ag)Dy — 31D, (1.33)
Generalizing the above equation, we can write as
D, = (Z - O‘n)DnJrl - 5721+1Dn+2 (1-34)
Using the relation, Eq. (1.34), we rewrite Eq. (1.26) in a continued fraction as follows:
D,
Gk(z) = =
00( ) D
(Z — Oéo)Dl — ﬂlzDQ
B 1
a 3Dy
7 e —
Qp Dl
B 1
= 2
D
7 — Qg — 61 2 2
(Z —a1)Dy — B3D;3
L 1
p 7
Z %
Z — Qg — a2

Next, we consider terminating the continued fraction. Assuming that «,, and 3, for N; <n
are constant, The terminator T'(Z) can be written by a closed form including itself as follows:

1

T(Z) = 62

7 — Olog —

52

Z — i — =2

= Qoo —



1

T(Z) = (1.36)

If we solve Eq. (1.36) regading T'(Z), then we get a well known squre root terminator:

(Z — 0o = /(Z — 00)? — 452,
432,

T(Z) = (1.37)

1.1.4 Block recursion method

Block BOP is a general recursion method for evaluating efficiently both the diagonal and
off-diagonal elements of the Green’s function matrix by the recursion method. The first step
of the recursion method is to tridiagonalize the Hamiltonian using the Lanczos algorithm|[35].
In the block BOP we introduce the block Lanczos algorithm with the starting state as a single
site containing all the valence orbitals rather than the usual scalar Lanczos algorithm with a
single starting orbital[13]. However, the application of the conventional block algorithm|36,
37] to finite systems such as molecules introduces a numerical instability, since the terminal
number of recursion levels of the m bond are different from that of the o bond in the recursive
algorithm. Therefore, we modify the conventional block Lanczos algorithm. A series of
procedures for the modified block Lanczos algorithm can be carried out as follows:

Uo) = (Ji1), ]i2), .. ., |iM)). (1.38)

A, = (U, |H|U,). (1.39)

) = H|Up) = [Un-1)'B,, — |Un) A, (1.40)
(Bny1)* = (ralra). (1.41)

(An)? = Vo (Bps1) Ve (1.42)

B =2V, (1.43)

(Bur) = VAL (1.44)

Uns1) = [ra) (Bpy1) ™" (1.45)

A, and B, are recursion block coefficients with M; x M; in size, where M; is the number
of atomic orbitals on the starting atom ¢, and the underline indicates that the element is a
block.

The states |U,) = (|Ln1), |Ln2), -+, |Lnng)) represent the Lanczos basis, and are or-
thonormal and block-tridiagonalize the Hamiltonian. The modified algorithm gives different

10



expressions for the block elements B, ; and these inverses compared with the conventional
algorithm. The block elements in the conventional block Lanczos algorithm are defined by

Bn+1 - KnAn tKn' (146)

(Bpy1) ™' =V A1, (1.47)

The failure in the conventional algorithm can be illustrated by a carbon trimer with a linear
chain structure along the z-axis. If the block Lanczos algorithm is applied with the central
atom in the trimer as the starting state, then the p, and p, orbitals span two independent
subspaces. Thus, the recursive algorithm finishes after only one iteration for the Lanczos
vectors concerned with the p, and p, orbitals. This gives two zero eigenvalues in the four
eigenvalues of the block element (B,)2. Then one can not evaluate the inverse of B, using
Eq. (1.44). Therefore, defining B, and its inverse by the modified Eqgs. (1.48) and (1.49),
respectively, and assuming that the diagonal elements of A;' corresponding to the zero
eigenvalues are zero we have

(1.48)

(Us|Us) = (1.49)

0

|Us) is reduced to the state with two vectors, while the starting state |Up) is constructed by
the four vectors, which permits us to iterate once more with the recursive algorithm. The
conventional block Lanczos algorithm does not satisfy both Egs. (1.48) and (1.49), since the
block elements B, and the inverse are obtained from the unitary transformations of A\; and
the inverse, respectively. Therefore, the conventional algorithm terminates at this recursion
level even though the Lanczos vectors for the ¢ orbital can still hop. This reduction of the
state avoids the numerically instabilities for the case of small eigenvalues of (B,,)?, even
when the eigenvalues are not zero.

Application of the block Lanczos algorithm defines an orthonormal basis set called the
Lanczos vector or basis. The Lanczos vectors reflect the neighboring atomic arrangement of
the starting site. In Fig. 1.1 we show the Lanczos vectors on an s-valent square lattice. The
Lanczos vectors spread gradually from the central atom as the number of recursion levels
increases. Thus, we now expand a one electron eigenstate using the Lanczos vectors:

[6) = > DS\ L), (1.50)

where D¢ = (L,,|#). Then the representation based on the atomic basis can be transformed
into that of the Lanczos basis set by the matrix U such that

T ='UTU, (1.51)

11
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Figure 1.1: The Lanczos vectors on the s-valent square lattice. a), b), and c) are an initial
state |Lo), |L1), and |Lg), respectively. The diameter of the circles is proportional to the
magnitude of the expansion coefficient in the Lanczos vector.

where U is defined by (ia|L,,), and T can be the Hamiltonian H, the derivative of Hamil-
tonian with respect to atomic position 0H/Jr;, the bond-order O, or the Green’s function
G(Z) matrix. The index L indicates the representation based on the Lanczos basis. Equa-
tion (1.51) is a pseudo unitary transformation, and the matrix U becomes unitary when the
number of the recursion levels is infinity in infinite systems. If the block Lanczos algorithm
is started through Eq. (1.38) with the atomic orbitals on atom i as the starting state, then
considering Eq. (1.51) and the orthonormality of the Lanczos basis, we can relate the bond
orders in the Lanczos basis representation to the bond-orders based on the atomic basis by
the following simple relation:

@z‘j = Z@éﬂﬁw (1.52)

where ©,; and ©F are the block elements of the bond-orders for the atoms i and j, and the
states |Up) and |Uy,), respectively. For example ©,; signifies

Oij1 Oage 0 Oujn
o ,J1 12,52 2,7 M.
Oy = S I (1.53)
@iMi,jl @iMi,jZ e @iMi,ij

where M; and M; are the numbers of atomic orbitals including atoms 7 and j, respectively.
In Eq. (1.52) 'U,,;, which is the (n,j) block element of the matrix ‘U, is defined by

(Lnalil)  (Lmli2) -+ (LwmliMy)
thj _ <Ln2|jl> <Ln2|]2> T <Ln2|jM]> . (1'54)
(Lnag|g1) (Lnag|g2) -+ (Laag [7M;)

The simple relation Eq. (1.52) allows us to evaluate the bond-order in terms of the Lanczos
basis representation. We have only to calculate the Oth block line, which are the bond-orders
between the starting atom and the Lanczos vectors surrounding the atom, of the bond-order

12



matrix. In the block BOP the bond-orders are evaluated in the Lanczos basis representation,
and then we get the bond-orders based on the atomic basis from Eq. (1.52).

It is essential to start the block Lanczos algorithm with a single site as in Eq. (1.38).
Although it is possible to derive an analogous transformation to Eq. (1.52) using the usual
scalar Lanczos algorithm, the bond energy of the system depends on the rotation of the
system[37]. Thus, the use of the scalar algorithm is not appropriate, since the bond energy
should be invariant to the rotation of the system. We could also start the recursion with a
cluster containing a neighbor shell of atoms instead of a single site[36]. However, this choice
is unsuitable because it is highly computationally intensive.

In the Lanczos representation the Hamiltonian is block-tridiagonalized:

if m =n,
ifm=n-—1,
B, itm=n+1,
0 otherwise.

(Un| H|U,) = (1.55)

The block element Gyo(Z) = (Up|G|Up) can be written explicitly by the form of the multiple
inverse, since the Green’s function matrix G(Z7) is the inverse of the matrix (Z1—H). Appling
repeatedly the partitioning method[38, 39], which is a method for calculating the inverse of
matrices, to the matrix (Z1 — H) we get

Go(Z) = [Z1 = Ay = 'By[Z1 = Ay = 'By[- - | 7' By 7' By " (1.56)

GE(Z) is equal to the block element G,;(Z) based on the atomic basis, since we have started
the block Lanczos algorithm with Eq. (1.38). Therefore, the local density of states can be
evaluated from the diagonal elements by Eq. (1.11). Also the trace of G{(Z) gives the local
density of states on atom 1.

Moreover, by taking account of the block-tridiagonalized Hamiltonian and the identity
(Z1 — H)G(Z) =1 in the Lanczos basis representation, the off-diagonal elements of the
Green’s function matrix G5 may be obtained from the following recurrence relation:

Gh(2) = (Gh 1(D)(ZL= A1) = Gl o(2)'Boy —ul) (B, (L5T)

where 0 is the Kronecker’s delta, Gy_(Z) and ‘B, are 0, respectively. All the off-diagonal
block elements Gi, (Z) are related to the diagonal block element G (Z). Once Giy(Z) has
been obtained, the off-diagonal block elements are easily evaluated from the above recursive
relation. The simplicity of evaluating the off-diagonal block elements is an important advan-
tage of the Lanczos basis representation. The block elements of the Green’s function matrix
have the same relation to the bond-orders based on the Lanczos basis as that of the atomic
basis representation:

2 ) E—pu
ot = _;Im/ggn(E i) F(G i )E (1.58)

In case the bond-orders are evaluated by Eqs. (1.52) and (1.58), we can prove that the
two different expressions Egs. (1.2) and (1.3) for the bond energy are identical at any level of
approximations. Consider the trace of G(Z)(Z1 — H). Transforming the trace of the atomic

13



basis representation into that of the Lanczos basis using Eq. (1.51), and making use of the
identity G(Z)(Z1 — H) = I in the Lanczos basis representation we see that the trace is a
constant:

tr{G(2)(Z1 - H)}
= Z tr{ZG;(Z)} — Z tr {QH(Z)EJZ}
= Yu{zey (2)} - Y wi{cl (2)Hk')
) (1.59)

where I, is a unit matrix with M; x M; in size. The index L% indicates the representation
based on the Lanczos basis with the starting state on atom ¢. Considering the imaginary
parts of the trace we have

ImZZGmﬂ-a(Z) = Im Z Gioz,j,ﬁ’(Z)Hjﬂ,iow (160)

e} i, jf8

We see that the two expression for the bond energy give the same energy, since the Green’s
functions can be related to the local density of states and bond-orders through Eqs. (1.11) and
(1.13), respectively. The block BOP, thus, provides the equivalence of the two expressions
for the bond energy in a natural way, whereas in the usual BOP the Green’s functions need
a carefully chosen truncator in order to satisfy the sum rule[12].

Additional derivation (C)

The derivation of Eq. (1.56) is given here. Let us introduce the partitioning method for
inverting a matrix. We divide a matrix, A, with the size N x N into A;(p X p), As(p X ¢q),
As(q x p), and A4(q X q), where N = p + ¢ as follows:

A Ay
A= 1
<A3&> (c.)
Similarly, we write the inverse A~! as

(V) c2)

Taking into account AA~! = I, the following equations are derived:

AA—1:<A1 A2><X1 X2>:<A1X1+A2X3 A1X2+A2X4>:]

Ag A4 X3 X4 A3X1 + A4X3 AgXQ + A4X4
A Xy + A Xy =1 (C.3)

14



A3X1 + A4X3 =0 (05)

AsXo+ Ay Xy =1 (C.6)
Then, considering Eq. (C.3) - A;A;* x Eq. (C.5), we have
(Ay — ApAT A X =1

Here, replacing

A=A — AyA N A (C.7)
Then, we have

X, =A"1 (C.8)
Returning back Eq. (C.5),

A4X3 = _A3X1
X3 = —A'AzAT? (C.9)

Next, considering Eq. (C.4) - AyA;' x Eq. (C.6), we have
X2 - —AilAQAzl (ClO)
From Eq. (C.6), we find

Xy, = A - AJTA3X, (C.11)
So, we see
X, = A (C.8)
X2 = —AilAQAzl (ClO)
Xy, = A7t - AJTA3X, (C.11)
A = A — AA7 A3 (C.7)
From Egs. (C.7) and (C.8), we have
X1 = [Al - AQAZlAg]il <C12)
Moreover, we apply the above treatment to the matrix A4. Similarly, dividing A4, we write
By B,
Ay = 1
! ( Bs B, ) (C13)
Similarly, we write the inverse
Y, Y:
At = 14

Applying the same procedure to A,, immediately, we find
Yl = [Bl - BQBZlBg]il (C15)

Similarly, the procedure can be applied to B4. So, we see that the diagonal block element
GE(Z) can be written in a multiple inverse.

15



1.1.5 Moment description

The moments of the local density of states allow us to link the behavior of the electronic
structure to the local topology about the given site [14, 15, 32]. We now discuss the rela-
tion between the block recursion matrices and the moments of the density of states. From
Eq. (1.10) for | Z| — oo, the diagonal element Gi(Z) can be rewritten as follows:

Gz = 3 LloNIth)

9 7 — @)
_ (e (¢))p
rafEe
(p)
Hoo
p}zjo ot (1.61)
where
Dl(iﬁ)DZ(iﬁ) DZ(¢)D(¢) L Dl(;ﬁ)Dgﬁ)
(@) y(8) (@) o) (@) (¢)
d(()%) — Dil Di2 D Dz? sz D7,2 , (162)
DY ple Dz(éb)Dl(;ﬁ) D p®

% Z dg) ()" (1.63)

and Eé%) is the block element of the pth moment for the atom i, the diagonal elements of
which give the pth moments of the projected density of states n;,(F). Thus, Eq. (1.16) is
the moment expansion of the Green’s function G&(Z). Also the pth block moment can be
evaluated explicitly as the expectation value of the pth power of the Hamiltonian in terms
of the block elements A,,, B,;:

H(()%) = (U0|I:—’p|U0)
= > (UolH|Un) (U [H|Upns) -+ (Un,_, [ H|Up). (1.64)

mi-mp 1

The first few block moments are

0 _

Koo = L

HE)B) = AO:

H(()%)) = (AO)Z"‘tElEr (1.65)

From Eq. (1.64) we see that the pth moment is the sum over all self-returning paths of length
p. The first moment corresponds to a hop on a single site, the second to nearest neighbors
and back, and so on. Thus, the atomic connectivity can be related directly to the electronic
structure through the description of the Green’s function by the moments.

Multiplying both sides of Eq. (1.61) by (E + 01)", and integrating with respect to the
energy F we get the following relation:

——Im/ E"Gly(E +0%)dE = 0. (1.66)
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This relation means that the imaginary part of the moment of the block diagonal element
in the Green’s function matrix is equal to the moment of the Hamiltonian.
Let us define the orthogonal block polynomials P, (x):

I‘Bn(l') = B’VL(x)An + Bn—l(x)tﬁn + Bn—l—l(w)ﬁn—‘rla (167)

where P_,(x) and P,(x) are the zero matrix 0 and the the unit matrix I with M; x M; in size.
By using the block polynomials the recursion block elements A, and B,, can be expanded
with the moments:

A, = (U.H|U,)
= 'P,(H)(Uo|H|Up) P, (H)
2n—+1
= Zam'uoo a,. (1.68)

B, = (U|H|Up_y)
_ tp (A)(Uo|ff|Uo)£n—1<H)

In the derivations of Egs. (1 68) and (1.69) we have assumed the substitution: |Up)H —

H|Uy) and H(Uy| — (Up|H. The block coefficients a,,, @, b,,, and b/, are given by the
recursion block elements. For example A; and B, can be written as follows:

Al = (tﬁl)_ {:uoo AOMOO - :uoo A + AOILL( AO} (B )_1‘ (170)

Bl = (tﬁl)i {IU/OO AO/’LOO } (171)

In case the recursion in the block Lanczos algorithm is terminated at the gth level, the
diagonal block element of the Green’s function matrix can be expanded with the (2¢ + 1)th
moments, because it is constructed by the multiple inverse with the recursion block elements
A,(n =0~ q), B,(n =1 ~ q) given by the gth recursion. As shown in Eqs. (1.68) and
(1.69), the recursion block elements are expanded in terms of the moments. Thus, ng
contains the 0 ~ (2¢+ 1)th moments. This implies that up to (2¢ + 1)th moment is included
in the sum of the moment expansion Eq. (1.61), and Eq. (1.66) satisfies for r < 2¢q + 1.

To obtain the moments for the off-diagonal elements of the Green’s function matrix,
multiplying both sides in Eq. (1.61) by (E+07)" and integrating with respect to the energy
E, we have

m [~ E'GE(E+01)dE = Y (m/ EmGL (E + 0+)dE) Cm) (1.72)

—00 m=0 —00
where the block coefficients ¢, can be written in terms of the recursion block elements. As
mentioned above the right side of Eq. (1.72) is equal to the moment of the Hamiltonian

for r +m < 2g 4+ 1, so that the left side gives the exact moment Hé’,? for r < 2¢+1—n.
This means that the off-diagonal elements of the Green’s function matrix can be expanded
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with up to the (2¢ + 1 — n)th moment, which results in the expansion of the bond-order
OF by up to the (2¢ + 1 — n)th moment. Moreover we can relate the bond-orders in the
atomic basis representation to the moments through the transformation Eq. (1.52). In the
right side of Eq. (1.52) the bond-order @OLq for n = ¢ determines the maximum order of the
moments for the bond-orders based on the atomic basis. So we see that the bond-orders in
the atomic basis representation can be expanded with the moments for » < ¢ + 1. Thus, in
the block BOP the off-diagonal elements of the Green’s function matrix can be constructed
with the moments for » < ¢ + 1, while the diagonal elements have the information of the
moments for » < 2¢ + 1. This could be imply the difference in the convergence properties
of the bond energy and the forces. On a simple consideration it is estimated that the rate
of the convergence of the force is about half as fast as that of the bond energy in terms of
recursion levels. However it should be noted that the contribution of 8, to ©,; decreases as
the recursion level n increases, since the Lanczos vectors, which hop repeatedly in the atomic
connectivity, have their weight away from the starting atom as the recursion level n increases.
Thus, the bond-orders in the atomic basis representation do not have all the moments of
the higher order more than the (¢ + 1)th, but can include the higher moments through the
GE for n < ¢. In this case whereas the inexact moments for r < 2¢ + 1 — n are included
in the bond-order in the atomic basis representation, the error can be negligible, since the
bond-orders ©f, become small as the recursion level n increases. So it is stressed that the
higher moments can be included in the bond-order based on the atomic basis through the
Green’s function Gf for small recursion levels n. Therefore, it is expected that the forces
should be comparable to the bond energy in terms of the convergence rate. In Sec. 2.2 we
will discuss this point again numerically.

1.1.6 Details on implementation

The technical details to implement the block BOP are given here. For an infinite system,
there could be an infinite number of levels in the multiple inverse of the diagonal Green’s
function. It is often the case, however, that the exact values can be replaced by estimated
values after a certain number of levels, without reducing the accuracy significantly. The
simplest approximation is to take A,, = A, B,, = B, for n > n;, where n; is the number of
exact levels, and A, and B, are constant block elements. This approximation is reasonable
from the observation that the scalar elements in both A, and B,, converge to constant values
or oscillate around constant values as n tends to infinity[37]. We have only to replace the
level for n = n; + 1 in the multiple inverse with the terminator, since the constant terms
can be summed exactly. The terminator can be written by a closed form including itself as
follows:

T(Z)=[Z1- A, —'B.T(Z)B,] " (1.73)

However, this is still a difficult set of equations to solve, so to simplify matters we assume that
the off-diagonal elements of T'(Z) are zero and all the diagonal elements are the same, since
the differences between the diagonal elements of A, and B, become small as the number
of the recursion levels increases, respectively. Then the identical diagonal element #(Z) of
T(Z) is written as the square root terminator:

tHZ) = [Z—a-bt2)]"
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1
b

2
Z_“—z'\/1—<z_a) ] (1.74)
2b 2b
where a and b? are given by the means of the diagonal elements of A, and Eit, respectively.
Thus, we see that the effect of the terminator is to smear out the sharp states with energy
a into semielliptical bands. The degree of smearing is given by b.

There are two ways to conserve charge neutrality in the system: local charge neutrality
(LCN)[10] or the total charge neutrality (TCN)[13]. Within LCN the on-site energies are
varied (keeping the splitting between on-site s and p energy levels fixed) in order to conserve
the number of electrons on each atom. If the excess charge on site ¢ is Q; = Z; — >, Nia,
where Z; is the effective core charge, then the on-site energies can be shifted using the
response function X; = ", X, for atom ¢ as follows:

! Q1

€y = €icy — )\Z’ (1.75)
where A\ is a parameter to accelerate the convergence, and generally is 1.0. The response
function projected on an atomic orbital i« is given by

E—p
kT

Xia = ilm/[Gmm(E +300)2 £( )dE. (1.76)
Usually no more than three or four iterations are required to achieve the convergence so that
the absolute value of Q/atom is below 1072, since X;,, =~ dN;o/0¢;. The assumption of LCN
has the advantage that the Madelung energy contribution is zero, so that the TB model needs
not take this into account in its expression for the energy. Also LCN is suitable for parallel
computation, since the calculations of the bond energy and the forces of each atom are
perfectly independent within the assumption. However, LCN brings an inefficiency in terms
of computational effort, since LCN requires the Lanczos algorithm to be implemented again,
after the charge neutralities of all the atoms has been achieved, since the recursion block
elements are varied by the shift of the on-site energies. Thus, the block Lanczos algorithm
and the shift of the on-site energies must be repeated until self-consistency is accomplished.
This self-consistency requires typically twenty iterations. This discourages us from applying
LCN in the molecular dynamics simulations. On the other hand, we can conserve the total
number of electrons in the system by a shift of the chemical potential in terms of TCN. If
the excess charge of the system is ) = Y, @;, then a good approximation of the chemical
potential is given by

Q
/

i —/L—i-)\y, (1.77)
where X = Y, X;. The convergence is achieved after only three or four iterations. The TCN
assumption, corresponding to the micro canonical distribution, has physically appropriate
meaning, which is consistent with the usual electronic structure calculations by diagonaliza-
tion. Moreover within TCN we need not repeat the Lanczos algorithm, since the recursion
block elements are not varied by the shift of the chemical potential. Thus, TCN has consid-
erable advantage in terms of computational effort. The TCN condition reduces the separa-

bility of individual atoms in the calculations of the band energy and forces, and complicates
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slightly the parallelizability of the program code. However, the evaluation and integration of
the Green’s function, which are time-consuming steps, are performed separately. Therefore,
we use the TCN constraint to conserve the total number of electrons.

It is required to integrate the Green’s functions with the Fermi function in order to eval-
uate the bond energy, bond-orders, and response functions. The integration can be carried
out in the complex plane by summing up an infinite series over the modified Matsubara poles
which is given in Appendix A[14, 15, 40]. The general form can be given as follows:

o P-1
. + _ _ =" .
Im/A(E +i07) f(x)dE = 3 Re PIEI;O 1;) 2 A(Ep) | (1.78)
with
2P ir(2p+ 1)
LBy =p+ ?(Zp —1), z=exp <2P> ) (1.79)

where A(z) is an arbitrary function defined in the complex plane, and § = 1/kgT. Also
E, are the poles of the approximated Fermi function in the complex plane. This modified
Matsubara summation converges rapidly with about 40 complex poles (P ~ 40) with a
high electron temperature (kg7 > 0.1 eV'), although many poles are needed to achieve the
convergence with a lower electron temperature. In the case of systems with a gap between
the valence and conduction bands, we need to pay attention to the evaluation of the chemical
potential, since the response functions in the gap become zero as kg1 tends to 0, so that it is
difficult to estimate the chemical potential under a low electron temperature using Eq. (1.75).
This can be solved by smearing the density of states under a high electron temperature. Thus,
it is required to evaluate the response functions at high electronic temperatures in order to
obtain stable MD simulations.

We now estimate the time-dependence within the block BOP. The total system is divided
into finite clusters centered on individual atoms in order to evaluate the energy and force of
each atom. The size of the finite cluster is not determined by the size of the total system,
but by the system and the condition of the MD simulation. Therefore, the computational
effort is proportional to the number of atoms N,iom, so that the number of computational
operations can be written as ¢Nuiom, Where ¢ is a proportionality constant. The scaling of
the constant ¢ can be estimated as a function of the numbers of recursion level ¢, atoms
within a finite cluster n., and orbitals on an atom M. For simplicity it is assumed that the
system consists of only one type of element with M orbitals. In the block Lanczos algorithm
the time-consuming step is the product of the Hamiltonian matrix by the vector, so that the
count of operations in the block Lanczos algorithm is nearly proportional to gn?M. At the
next step, the inverses and recursive calculations are required to evaluate the diagonal and
off-diagonal elements of the Green’s function matrix, respectively, and their integrations are
performed as the sum of the residues for the poles in the complex plane, so that the count
of operations for the evaluations is almost proportional to ¢PM?3. Thus, the proportionality
constant ¢ can be estimated as c;, X qn?M + cg X ¢PM?3, where c;, and cg are prefactors
of the count of operations for the block Lanczos algorithm and the the evaluation of the
bond-orders, respectively. The prefactors depend on the computer, and the system, and the
criterion of charge neutrality. For example, for the case of a 3 hop cluster, 10 recursion
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Figure 1.2: The physically (a) and logically (b) truncated clusters in a infinite disordered
square lattice. The physical truncation determines the cluster by selecting atoms within
a given radius of a sphere centered an atom. On the other hand, the logical truncation
constructs the cluster from the connectivity of the bondings, where we regard a pair of two
atoms forms the bonding when the distance of two atoms is smaller than a given length.

levels, and 40 complex poles for diamond carbon, the calculation time of the block Lanczos
algorithm is comparable to that in evaluating and integrating the Green’s functions.

In the remainder of this subsection the procedure for implementing the block BOP is
enumerated. (I). The partition of the system. The hopping range of each atom is determined
by terminating the system. There are two ways to terminate the system as shown in Fig. 1.2.
One of them is the physical truncation that the terminated cluster contains atoms within a
sphere with a certain cutoff radius. The physical truncation can bring inaccurate properties
into the convergence of the energies, since atoms that have no bonding to other atoms can be
included in the neighborhood of the cluster surface. Moreover, in MD simulations the energies
can jump discontinuously when an atom moves in or out of the surface of the sphere. The
more stable way is logical truncation. The cluster of size n is here defined by all neighbors
that can be reached by n hops. Provided the cutoff distance for the hopping integral is
identical to that defining the connectivity of the bonding, the energies are continuous as a
function of time in MD simulations. Therefore, it is desirable to truncate logically the system
in terms of accuracy. (II). The block Lanczos algorithm. The Hamiltonians for the individual
terminated clusters are constructed. For these small cluster Hamiltonians the block Lanczos
algorithm Eqs. (1.38)~(1.45) is applied. (III). The evaluations and integrations of the Green’s
functions. In the Lanczos basis representation the diagonal and the off-diagonal elements
of the Green’s functions are evaluated using Eqgs. (1.56) and (1.57), respectively, and then
their integrations are performed via the modified Matsubara summation with Eq. (1.78). (I
V). The transformation into the atomic basis representation. The bond-orders based on the
Lanczos basis are transformed into those in the atomic basis representation using Eq. (1.52).
(V). The bond energy and forces. From Egs. (1.3) and (1.9) the bond energy and forces are
evaluated, respectively.
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1.1.7 Analytic example

Let us apply the method to the s-valent Bethe lattice which branches at each lattice point
in K-fold as an analytic example of the block BOP. It is assumed that each on-site energy is
€(< 0), a hopping integral between the nearest neighbor atoms is —h (0 < h), and the other
hopping integrals are zero. The number of n-th neighbor atoms, which can be reached in
the process of n-hopping from a central atom, for a central atom in the K-fold Bethe lattice
is given by C,, = K(K — 1)""! for n > 1, and the total number of atoms which participate
in the process of the n-hopping is written as S, = (K(K — 1)" — 2)/(K — 2) for n > 0.
Therefore, starting the recursion with a central atom as the starting state in the Lanczos
algorithm, we can write the Lanczos bases as follows:

(Lo| = (1,0,0,--,). (1.80)
Sn—Ch Cn
1 —N— —
<Ln|: (07"'7Oa17"'7170a07'”7) for n > 1. (181)
K(K — 1)

From Eq. (1.81) we see that the Lanczos bases in the s-valent Bethe lattice are reflected
only the spreading process of an electron, since the recoil process is omitted in the developed
vectors through the orthonormalization in the Lanczos algorithm. By using the Lanczos
bases, the recursion chain coefficients A, and B,, which correspond on-site energies and
hopping integrals in the transformed semi-infinite chain cluster, respectively, are given by

A, = (Lp|H|L,) =e. (1.82)

VK h, forn =1,

By = (Lt ={ VR (159

B,, for n =1 is different from that for n > 1 since the number of virgin sites which can be
hopped from the central atom is one more than that of the other sites. Considering that
the recursion chain coefficients are elements of the tridiagonalized Hamiltonian, then the
off-diagonal Green’s function may be written explicitly as a continued fraction:

1
S V)
‘ , (K — 1)i2
‘ J —€— o

The continued fraction expressed in self-similar form can be compactly rewritten by using a
square root terminator as follows:

1

K K
(1 - 2(1(-1)) (Z —€) + 2(}(—1)\/(2 — )2 — 4(K — 1)h2

i (2) = (1.85)

In the off-diagonal Green’s functions based on the Lanczos basis, only G (Z) which is
defined between the starting site and the first Lanczos vector is required in order to calculate
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Figure 1.3: The imaginary parts of the diagonal (left panel) and the nearest neighbor off-
diagonal (right panel) Green’s functions on the s-valent Bethe lattice for K = 2,3,4,5, and
10, where e = 0 and h =1 eV.

the bond-order between the nearest neighbor atoms, since the contribution of the nearest
neighbor atoms for the central atom appears only the first Lanczos vector. The Green’s
function G§(Z) is calculated by the recurrence relation Eq. (1.57), and then G¥,(Z) the
based on the Lanczos basis is transformed into that of the atomic basis representation.
Thus, the Green’s function G yy(Z) between the nearest neighbor atoms is given by

Gin(2) =~ {Gha(2)(Z - 9 1} (1.86)

In Fig. (1.3) we show the imaginary parts of Egs. (1.85) and (1.86). While the local density of
states of K = 2 has clearly singularities of Van-Hove which characterize an one-dimensional
lattice, the singularities in the local density of states become indistinct with increasing
number of coordinates K. Also the width of the band is 4|h|v/K — 1. The imaginary parts
of the off-diagonal Green’s functions show that from the bottom of the band until the center
corresponds to the bonding states, on the other hand, the band above the center comes
from the anti-bonding states. The increase of K reduces the bond-order between the nearest
neighbor atoms with the relation of the approximately inverse proportional ratio.

When K = 2 corresponding to a chain which is the simplest Bethe lattice, we can easily
carry out analytic integrals of G§; and G. If it is assumed that the total number of electrons
is equivalent to that of sites, then the number of electrons on each site is N = 1, and the
bond-order between the nearest neighbor atoms is given as Oy = 2/7m ~ 0.6366. Next we
shall compare the exact bond-order with those at the first, second, and third levels in the
Lanczos algorithm. Approximating the exact Green’s function at the first, second, third,
and fourth levels in the continued fraction, we can write the off-diagonal Green’s functions
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between the nearest neighbor sites, respectively, as follows:

V2 _V2
GFirst Z — 4 + 4 , 187
NN( ) Z—f-\/i h 7 \/§ h ( )
Second o — 3
G T = 6 + 6 , 1.88
NN ( ) Z+\/§h Z—\/gh ( )
2-+v2 2—/2
GThird(z) — 8 + 8
Z4+\24+V2h Z+\2—-V2h
2+/2 2 V2
8 (1.89)
24++/2 h Z—\J2—\2h
545 5—/5
GFourth( ) — 2 10 2
Z+ 5+2V5 w7 55 py
54+v5 5—5
2 2 (1.90)
Z 54+/5 h 7 5—v5 h

where constant terms were omitted, since they have no contribution to the bond-order.
Considering the residues of the states which are occupied in these Green’s functions, we see
that the approximated bond-order are 0.7071, 0.5774, 0.6533, and 0.6155 at the first, second,
third, and fourth levels, respectively, and also the errors of these approximated bond-orders
are 11.1, -9.3, 2.6, and -3.3 %, respectively, compared with the exact value 0.6366. Thus, the
analytic example shows that the bond-order can be reproduced with a considerable accuracy
at a few finite level of approximations even the sparse structure such as the linear chain
which has singularities in the density of states.

Additional derivation (D)

A simple analytic example is given, which is helpful to understand the recursion method.
Let us consider 7 electron of a benzene molecule described by the Huckel theory.
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Lanczos process:

(1)

(2)

a b 000 b
b a b 00 0
0 bab 00
H= 00 b ab 0
000%b ad
b 00 0 b a

ug >= (1,0,0,0,0,0)"

Hl|ug >= (a,b,0,0,0,b)"

ag =< ug|Hlug >=a

Tg > = H|U0 > —Oé0|U0 >
= (0,0,0,0,0,b)"
ﬂ% = < 1"0‘7’0 >
= 20
B o= V2b
1
Uy > = 7|7~0 >
1

1
= —(0,1,0,0,0,1)
\/5( )

Hlu; > = (2b,a,b,0,b,a)"

1
V2

a =< w|Hlu; >=a
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

T > = H|U1>—61|U0>—061|U1>
1
— (0,0,b,0,b,0)"
\/5( )
522 = <T’1‘T1>
= b
P = b
Ug > = f|7"1>
2
= L 0,0,1,0,1,0)
- \/5 » Yy -y Yy Sy
Hlus> = ——(0,b,a,2,a,b)'
Uu = —F=\,0,a, , 4,
’ V2
ay =< ug|Hluy >=a
o > = H|U2>—62|U1>—062|UQ>
1
= —(0,0,0,2b,0,0)"
\/5( )
ﬁg = <r2|7"2>
= 20
By = V2b
1
Usg > = f|’l“2>
3
= (0,0,0,1,0,0)t

Hluz > = (0,0,b,a,b,0)"

az =< uz|Hluz >=a
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(19)

‘Tg > = H|U3 > —63|U2 > —oglusg >
= (0,0,0,0, 0,0)t

So, we have a tridiagonalized Hamiltonian:

a V2b 0 0
Hior, — V2b  a b 0

0 b a V2b

0 0 V2b a

Green’s functions can be written as follows:

GEOD(Z) =
202
7 —a—

b2

Z —a— T

7 —a—
“ Z —a

Let Z be E + ic, and us write the outline of ImGZ where ¢ = 107°, @ = 0, and b = —1, so
we see the local density of states for 7 electron of a benzene:

50 ; ; . .
45 |

35
30
25
20 +
15 |
10 d

LDOS

1.2 Convergence Properties

O(N) methods with linear scaling algorithms are approximate approaches compared to the
exact diagonalization for dealing with large scale systems, so that the realization of the
O(N) algorithms is accompanied by decreases in computational accuracy in exchange for
computational efficiency. Therefore, O(N) methods should only be applied to atomistic
simulations once their accuracy and efficiency has been tested.
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In the block BOP three approximations are introduced to reduce the computational ef-
fort: the number of moments, or recursion levels, the size of the cluster of atoms over which
the hops are made, and a finite number of poles in the modified Matsubara summation
which gives accurately integration of Green’s functions with the Fermi function within a
small number of poles. The finite approximations for the number of levels and the size of
the cluster can lead to the errors in the energies and forces. Thus, we now investigate the
block BOP through several test calculations in terms of its accuracy and efficiency. In order
to ascertain applicable bounds for a wide range of materials, the energy and force conver-
gence are examined for an insulator (carbon[41] in the diamond structure), a semiconductor
(silicon[42]), a metal (titanium, described by a canonical d-band model), and a molecule
(benzene[43]) as functions of the number of recursion levels and the size of cluster. In all
the test calculations, we have chosen the same value (40 poles) as the number of poles in the
modified Matsubara summation. The 40 poles is enough to achieve convergence in carbon,
silicon, titanium, and benzene materials in case of kgT = 0.1 €V used in all the numerical
tests[15]. Moreover, in terms of the computational efficiency the block BOP is compared
with k-space calculations in computational time. Also as a test of the quality of the forces,
we perform a constant energy molecular dynamics (CEMD) simulation of carbon.

1.2.1 Energy convergence

Figure 2.4 shows the cohesive energy per atom for carbon in the diamond structure, silicon
in the diamond structure, hep titanium, and benzene. The cohesive energies were calculated
using 2 ~ 15 recursion levels (a numerical instability often appears for > 20 recursion levels)
for three, five, and seven shell clusters by the logical truncation method, where the three,
five, and seven shell clusters for the diamond structure include 41, 147, and 363 atoms,
respectively, and these clusters for the hcp structure contain 153, 587, and 1483 atoms,
respectively. The cohesive energies for carbon and silicon converge rapidly to the results of
k-space calculations. The errors for carbon and silicon are only 1 % at six recursion levels.
Thus, we see that up to the 13th moment corresponding to six recursion levels determine
the cohesive energies. The contribution of the higher order moments is unimportant, since
the convergence properties are almost identical for three, five, and seven shell clusters. The
cohesive energy for silicon converges more slowly compared with that of carbon in the rate of
convergence for the size of cluster. This suggests that a semiconductor such as silicon requires
higher moment than an insulator such as carbon for good convergence of the cohesive energy.

The cohesive energy for the metallic hep titanium converges very quickly in terms of the
number of recursion levels. For the five and seven shell clusters the cohesive energy converges
fully to the k-space result, while the convergence value for the three shell cluster is in error
by 2 % from the k-space result. For benzene the convergence is achieved with a very small
cluster (2 shells). The error at four recursion levels is only 0.1%. We see that the block
BOP can evaluate accurately the cohesive energy for a molecule with a sparse structure like
benzene, which has both localized ¢ bonds and delocalized 7 bonds.

The calculation of the vacancy formation energy is a severe test to distinguish the ac-
curacy of different O(N) methods, since it is a criterion that tests the precision which the
dangling bonds caused by the vacancy are handled by O(NN) method. In practice, the usual
moment-based O(N) methods fail to reproduce the vacancy formation energy of carbon in
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Figure 1.4: The cohesive energy for carbon in the diamond structure, silicon in the diamond
structure, hcp titanium, and benzene as a function of number of recursion levels for three,
five, and seven shell clusters, calculated using a square root terminator, a total charge
neutrality, and kg7 = 0.1 eV.

the diamond structure even when dozens of moments are included[27, 28]. The computa-
tional error at 30 moments is still about 20 % compared to the k-space result. In Fig. 1.5
we show the vacancy formation energy for carbon in the diamond structure, silicon in the
diamond structure, and hcp titanium. These are calculated as the difference between the
energy for a bulk unit cell (of 64, 64 or 32 atoms, respectively) with a single atom removed,
and the perfect bulk cell energy scaled to 63, or 31 atoms. The results are for an unrelaxed
vacancy. The convergence properties for carbon and silicon are almost identical. The va-
cancy formation energy in the five and seven shell clusters converges smoothly toward the
k-space results, while in the 3 shell cluster the converged values for carbon and silicon are
15 %, and 13 % underestimated, respectively. In the seven shell cluster at 15 recursion
levels the errors for carbon and silicon are only 1%. Thus, we see that the block BOP gives
an accurate vacancy formation energy for strongly covalent materials such as carbon and
silicon with the use of about 30 block moments. This remarkable result suggests that the
block BOP accurately describes dangling bonds in comparison with the usual moment-based
methods. For titanium the vacancy formation energy converges to the k-space result equally
within the three, five, and seven shell clusters. The error for the 3 shell cluster at 5 recursion
levels is about 6%. The vacancy formation energy oscillates with respect to the number
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Figure 1.5: The vacancy formation energy for carbon in the diamond structure, silicon in the
diamond structure, and hcp titanium for three, five, and seven shell clusters as a function
of number of recursion levels, calculated using a square root terminator, a total charge
neutrality, and kg7 = 0.1 eV.

of recursion levels due to the long range value of the density matrix (see fig. 2 of ref. 23).
The oscillations are damped by imposing LCN instead of TCN to conserve the number of
electrons.

1.2.2 Force convergence

The accuracy of the forces is investigated from two different perspectives. The first is the ac-
curacy when compared to the exact k-space result, the second is the degree of correspondence
between the numerical and analytic Hellmann-Feynman forces. In order to perform reliable
MD simulations the two criteria should be satisfied. In Fig. 1.6 we show the z-component
of the force on an atom in the bulk-terminated (001) surface of carbon, silicon, and hcp
titanium, and the force on a hydrogen atom on benzene. For carbon the force of the three
shell cluster overestimates by about 130 % in comparison with the k-space result, although
the error in the Hellmann-Feynman term is only 1 %. The forces of the five and seven shell
clusters converge smoothly toward the k-space result. The rate of convergence in silicon is
much better than that of carbon. Even the three shell cluster shows a converged value that
differs by only 5 % from the k-space result. The three, five, and seven shell clusters of Ti
show similar convergence properties of the forces, the converged value being underestimated
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Figure 1.6: The z-component of the force on an atom on the carbon (001) surface, silicon
(001) surface, titanium (001) surface, and on a hydrogen atom in benzene for three, five,
and seven shell clusters as a function of number of recursion levels, calculated using a square
root terminator, total charge neutrality, and kT = 0.1 eV.

by about 8% compared with the k-space result. For benzene the force converges rapidly
with small cluster size. As discussed in Sec. 1.1.5 the bond-orders can be expanded using
the lower order moments compared with the density of states in the block BOP. It can be
estimated that the forces should converge more slowly at the k-space results than the bond
energies, since the forces on the atoms are evaluated using the bond-orders. However, these
numerical results for the forces show that the convergence rate of the force is comparable
to that of the bond energy. This means that the sum of Eq. (1.52) converges rapidly as the
number of the recursion levels increases because of the diffusion of the Lanczos vectors.

As a test of the consistency between the total energy and the forces, constant energy
molecular dynamics (CEMD) simulations have been performed for carbon. If the forces are
equal to the derivative of the total energy with respect to atomic positions, the total energy
of the system is conserved. Thus, the CEMD simulation is a criterion to investigate the
consistency of forces. In Fig. 1.7 we show the energy for carbon at 1000 and 5000 K as a
function of time using five and ten recursion levels. The initial structure is the diamond
lattice, and the unit cell is fixed in volume and shape. When the initial temperature of
the system is 1000 K, the atoms oscillate around the equilibrium positions. At five and ten
recursion levels we see that the total energy is almost conserved. When the temperature
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Figure 1.7: The potential, kinetic, and total energies as a function of time for molecular
dynamics simulations of carbon using a three hop logically truncated cluster, a square root
terminator, total charge neutrality, and kg7 = 0.1 eV. In panels (a) and (b) the results are
for five and ten recursion levels at 1000 K, respectively, whereas in panels (c) and (d) they
are for five and ten recursion levels at 5000 K, respectively. The time step is 0.5 fs.

is raised to 5000 K, the carbon in the diamond structure transforms into liquid carbon
with mainly three coordinate structure. From Fig. 1.7 we see that the forces are of good
quality at ten recursion levels, while the total energy at five recursion levels increases by
about 10 eV during the 1 ps, which corresponds to a temperature increase of 1800 K. These
results indicate that the block BOP can give forces consistent with the total energy, provided
the proper number of recursion levels is used, even for liquid materials such as carbon at
a high temperature. On the other hand, in the variational DM method, although only
the Hellmann-Feynman term survives formally as the derivatives of the band energy with
respect to atomic coordinates, total energy of liquid silicon in the CEMD simulation exhibits
a steady upward drift[44].

1.2.3 Computational efficiency

To study the computational efficiency of the block BOP we carry out two benchmark tests:
the comparison between the block BOP and the k-space calculation in computer time, and
the relation between the computational error and the computer time. Figure 1.8 shows the
time to evaluate the energy and forces for a cell containing carbon in the diamond structure
as function of the number of atoms in the cell for the block BOP and k-space using a single
k-point. The crossover point at which the block BOP becomes favorable is about 100 atoms.
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diamond structure as a function of number of atoms in the cell for the block BOP, calculated
using a three hop logically truncated cluster, and k-space. The calculations were performed
on an IBM RS/6000 workstation.

Figures 1.9(a) and (b) show the relation between the error and the the time per atom
to evaluate the energy and forces in the calculations of the vacancy formation energy of
diamond carbon and hcp titanium, respectively. Here the increase in time corresponds to
the increase of the number of recursion levels. We see that the block BOP can calculate the
vacancy formation energy to high accuracy within almost the same computational time as
the other moment-based results reported by Bowler et al.[27] where the calculations were
performed using the same computational facilities. We note that the block BOP has given a
good convergent result of the vacancy formation energy in diamond carbon for the first time
with a moments-based method, while the computational time to achieve this convergence is
still ten times slower than that of the DM method. This work, therefore, still supports the
conclusions of the study in ref. 23 that the DMM is best for systems with energy gaps, but
that moments-based methods such as BOP are best for metallic systems.
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Chapter 2

Non-Orthogonal Basis Sets

In this chapter, the generalization of recursion methods to non-orthogonal basis orbitals are
discussed, which is a crucial step to make the recursion method applicable to ab initio elec-
tronic structure calculations such as density functional theories and Hartree-Fock methods.

2.1 Non-orthogonal basis sets

In the non-orthogonal basis set, the overlap matrix is defined by
Siajs = (ia|jf3). (2.1)

An orthogonality relation similar to that of the orthogonal case can be obtained by intro-
ducing the dual basis defined by

lic) = SiajaliB). (2.2)
JB
where S~ is the inverse of the overlap matrix S. It is then easy to verify that

(ialjB) = biajs- (2.3)

A similar complete relation can be also given in a mixied form of the non-orthogonal basis
and the dual basis as follows:

Z i) (iar| = Z liar) (iar| = 1. (2.4)

By using the overlap matrix Eq. (2.1), the secular equation based on the non-orthogonal
basis set can be written in the DFT as follows:

HC = SCE, (2.5)

where the C-matrix is defined by expansion coefficients Cio 4 = (icr|@) of one-particle eigen
functions |¢) based on the non-orthogonal basis, and the diagonal elements of the diag-
onalized F-matrix are the eigen values corresponding to the one-particle eigen functions.
The one-particle eigen functions derived from Eq. (2.5) form a set of orthonormal functions.
Thus, the orthonormality can be expressed in matrix form as follows:

fcsc =1. (2.6)
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The traces of both sides in Eq. (2.6) provide the total number of electrons in a system:
ele Ztr{ ~Zij j’L} : (27)

The summation of only an atom ¢ or j gives the atomic population defined by Mulliken|[?].
Moreover, taking into account both Egs. (2.5) and (2.6), we get an expression which gives
the band energy in terms of the bond-order similar to that of the orthogonal basis set as
follows:

Eband = 2tI‘{E}
2tr{fCHC}

= Y {@i]ﬂﬂ}. (2.8)

In comparison with Eq. (2.3) we see that the band energy in the non-orthogonal basis set
is given by the identical expression which is derived in the orthogonal basis set. In contrast
to the similarity, the force expression in the non-orthogonal basis set includes the correc-
tion term which comes from the derivatives of the expansion coefficients in addition to the
Hellmann-Feynman term. Differentiating Eqs .(2.8) with respect to the atomic coordinates,
substituting Eq. (2.6) and the derivative of Eq. (2.8) for the corresponding terms in the
derivative of Eqs .(2.8), we get

FPd = oy TCO—HC + 2 tr T(Ja—SCE
8I'k 6rk

S

= _Ztr{ S 0“}+Zu{ Ay ar”} (2.9)

with

B

A, = —ilm [ BG (B +107)f()dE, (2.10)

where the second term in Eq. (2.9) gives the correction to the Hellmann-Feynman force in
the non-orthogonal basis set. It is appropriate in terms of the computational efficiency that
the correction term excludes the derivatives of the expansion coefficients. Hence in order to
evaluate the band energy and the derivatives in the non-orthogonal basis set, we need to
calculate the diagonal and the off-diagonal Green’s functions as well as the orthogonal basis
set. In following description, we discuss four three generalized recursion methods in order
to develop an accurate, efficient, and robust O(/N') method.

2.2 Algorithm A

2.2.1 Formalism

In the non-orthogonal basis the one particle Green’s function operator G(Z ) has to satisfy
the same indentity G(Z)(Z — H) = 1 in comparison to the orthogonal case. Inserting the
complete relation Eq. (2.4) into the identity, and operating (ia| and |ia) from the left and
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the right sides, respectively, we see that the Green’s function matrix based on the dual basis
can be obtained by the inverse of (ZS — H) based on the original non-orthogonal basis.
Then, the Green’s function matrix based on the dual basis can be simplified by inserting the
orthogonality Eq. (2.6) as follows:

GP(z) = (ZS—H)™*
[SC(Z1-TCHC)ICS]™
= C(Z1-E)'1C, (2.11)

where the index D of the Green’s function represents the dual basis representation. There-
fore, we see that the element of the Green’s function matrix provides the bond-order based
on the non-orthogonal basis in similar form compared that in the orthogonal case.

Next we extend the block Lanczos algorithm into the non-orthogonal case. The basic
idea for extending to the non-orthogonal case is only to find a matrix U which diagonalizes
the overlap and block-tridiagonalize the Hamiltonian matrices simultaneously. That is,

TUsSU =1, (2.12)

'WHU = Hgrp, (2.13)

where Hgrp means the block-tridiagonalized Hamiltonian which is equivalent to H” based
on the Lanczos basis as shown later on. Multiplying U by both sides of Eq. (2.13), and
substituting UTUS = I, we have

H'U = UHgrp, (2.14)

where the modified Hamiltonian H which is not any more hermitian is given by H' = S~1H.
Regarding Eq. (2.14) as a scattering equation for an electron, and solving conversely it, we
can write a series of procedures for the block Lanczos algorithm in the non-orthogonal case

as follows:
|Uo) = (|i1), |i2), ..., |[iM;)). (2.15)
A, = (U, |H|U,). (2.16)
1) = H'|U) = [Un1)' B, — |Un) A, (2.17)
(Byi1)* = (ralSlra). (2.18)
(A)? = Vo (Boyr)* V. (2.19)
B, =\"V,. (2.20)
(Bopr) ™ = VA0 (2.21)
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Unt1) = [rn)(Brs) (2.22)

where the U-matrix is obtained as the expansion coefficients in the Lanczos vectors with
respect to the non-orthogonal basis set. Inserting Eq. (2.12) and its variants into the identity
G(Z)(ZS — H) = 1 based on the non-orthogonal and the dual basis sets, we see that the
Green’s function matrix based on the dual basis set is connected with the Lanczos basis
representation through the following relation:

GP(2)=UGH2)U. (2.23)

While this transformation is apparently similar to Eq. (2.13), it should be noted that
Eq. (2.13) is defined as the inverse transformation, since the transformation of the Green’s
function such as Eq. (3.51) is given by GX(Z) = TUSGP(Z)SU.

Since TUSGP(Z)SU = TUG(Z)U in the identity based on the Lanczos basis and the
transformation is similar to that of the Hamiltonian, the Green’s function based on the
Lanczos basis can be directly connected with the Hamiltonian of the Lanczos basis rep-
resentation through the identity G(Z)(Z1 — H) = I, while the Hamiltonian based on the
non-orthogonal basis is related to the Green’s function based on the dual basis by the iden-
tity. The equality of the representation in the Lanczos basis is due to the orthogonality of
the Lanczos basis.

As discussed the generalization of the block BOP above, although it would be hoped
that the slight modifications in the non-orthogonal basis case cause outwardly no problems
in terms of the computational efforts compared to the block BOP for the orthogonal basis
case, however, the generalized block BOP possesses intrinsically several problems which
discourage us applying the method to the non-orthogonal basis case as an efficient O(N)
method. The computational inefficiency may be caused by two calculations in the block
BOP algorithm: the inverse of the overlap matrix which is essentially cubic in the scaling of
the computation unless one uses any efficient scheme, and the transformation Eq. (2.23) of
the Green’s functions.

2.2.2 Analytic example

In order to clarify the inefficiency, as an illustration of the generized block BOP we apply the
method to the simplest system, i.e., a s-valent dimer. It is assumed that the dimer has two
electrons, the hopping integrals is —h(0 < h), the overlap is S(0 < S), the on-site energies
are zero, and the electronic temperature is zero. The inverse of the overlap matrix and the
modified Hamiltonian is then given by

- 1 1 =S
51:1_52<_S 0 ) (2.24)
, 1 Sh —h
H:1—52<—h Sh)' (2.25)

If the Lanczos algorithm Egs. (2.15)-(2.22) is applied to the dimer with a site |1) which is
a non-orthogonal basis as the starting state, as a result, the recursion coefficients are given
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as Ag = 0, Ay = 25h/(1 — 5?), and B; = h/y/1 — S2, and the U-matrix can be written as
follows:

1 S
U= ( ;L ) . (2.26)
Wi

Moreover, considering that the recursion coefficients and the identity, we get

L 5 4
GolZ) = — . S o (2.27)
1-52 _ V/1=52
G (2) = — + Z+21ﬁs. (2.28)
. 148 1-S
Gll(Z) = _2% + Z+21ﬁ5’ (2.29)

where G (Z) = G5,(Z). From Eq. (2.23) and the Green’s functions based on the Lanczos
basis, we have

S S?
G1(Z) = Gg(Z) + i 0(2) + 1_79@%1(2% (2.30)
D 1 L S L
Gp(Z) = —ﬁGm(Z) - 1- g2, (2.31)
1
Gp(Z) = <2 G1i(2), (2.32)

where GD(Z) = GL(Z). Thus, the bond-order matrix can be evaluated from the residues
of the poles which are occupied in the Green’s functions, namely

11
@:(ﬁs ) (2.33)

The simple example clearly shows that the generalized block BOP requires huge computa-
tional efforts in practical applications compared with the block BOP in the orthogonal case,
which discourages us applying the block BOP to large scale simulations as an efficient O(N)
method. The huge computational efforts can be produced by the Lanczos inverse transfor-
mation Eq. (2.23). In this transformation all the off-diagonal block elements are required
in addition to QOLn which are used in the orthogonal case, since the first block line of the
U-matrix is not a zero line. It can be a considerably time-consuming step to evaluate all the
off-diagonal elements in the Green’s function matrix based on the Lanczos basis. Also the
cubic computational efforts are required in evaluating the inverse of the overlap matrix.
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2.3 Algorithm B

2.3.1 Formalism

Let us introduce a hybrid representation[56] of Hamiltonian which is a non Hermitian matrix
represented by the original and the dual bases as H;, ;5 = (i H|jB). The hybrid Hamiltonian
can be written in the matrix form as H' = S™'H, where H,, ;3 = (ia|H|j3). With the

relation G(Z)(ZS — H) =1, the hybrid Green function G'(Z) defined by
f0j8(2) = {G(2)S}ia s = (ialG(2)|5B) (2.34)

satisfies G'(Z)(Z1 — H') = 1. One of the merits of using G'(Z) is that its diagonal element
gives directly the Mulliken population P, of an orbital |ia):

2 E—pn
Piaz—fl/’..E+7dE
T m Gzcx,za( +0 )f( k’BT )
= Y Oia;sSja (2.35)
i

In the block BOP, determination of the chemical potential is needed to conserve the total
number of electrons Ng in the system [13], so that the relation of Eq. (2.35) is very ad-
vantageous to computational efficiency because of the simple relation Ny = ;. Pio. Thus,
we present below a prescription how to calculate the hybrid Green functions. The diagonal
elements of the Green function matrix can be calculated in a numerically stable way by
the recursion method [33] based on the Lanczos algorithm [35]. The block BOP method
is a general recursion method for evaluating efficiently both the diagonal and off-diagonal
elements of the Green function matrix by the recursion method. Moreover the use of a single
site containing all the localized orbitals as the starting state in the block Lanczos algorithm
rather than a single orbital in the usual one conserves the rotational invariance of the total
energy. In the present case of non-orthogonal basis, we further extend the formalism to
adopt a two-sided block Lanczos algorithm [57], since the hybrid Hamiltonian is not any
more Hermitian. The two-sided block Lanczos algorithm can be performed in the following
procedure:

A, = (U, H|U,), (2.36)

Tn) = ]:I|Un) —|Un)A,, = |Un-1)B,,
(Fal = (UalH — Ay (U] — Cp(Una], (2.37)

Bn+1Qn+1 = (fn|7an)7 (238)

|Uns1) = Ira)(Couyr)
(ﬁn+1| = (ﬁn+1)_1(7:n|, (2.39)

A,, B, and C,, are recursion block coefficients with M; x M; in size, where M; is the number
of localized orbitals on the starting atom ¢, and the underline indicates that the element is

40



a block. In the two-sided block Lanczos algorithm the Lanczos vectors in the left and right
sides have a bi-orthogonality relation. It is essential to start the two-sided block Lanczos
algorithm with a single site and its corresponding dual state as

[Uo) = (|i1),]i2),...,[iM;)),
Uo) = (Jil), ]i2), ..., |iM)). (2.40)

Equation (2.40) is an optimum choice in terms of computational accuracy and efficiency
because of the rotational invariance of the total energy and the consistent description for
the different properties of o, 7, and § bonds.

In the Lanczos basis representation the Hamiltonian H' is block-tridiagonalized as a
non Hermitian matrix and the Green function matrix G*(Z) is the inverse of the matrix
(Z1— H"), so that the block diagonal element GL (Z) = (Uy|G|Up) can be written explicitly
in the form of the multiple inverse as follows:

Qﬁ,OO(Z) = [Zl - AJ,O - BJ,I[ZI - Aa,l - B [ ’ ']_1Q072]_1Q0,1]_17 (241)

0,2

where the index L indicates the representation based on the Lanczos basis. The off-diagonal
elements of hybrid Green function matrix can be calculated by using a recurrence relation
which can be derived basically along the same line as that described for the case of orthogonal
basis [13]. The explicit expression consistent with Eqgs. (2.36) and (2.40) is given below:

G, (2) = (Gl (D)(ZL= Ay 1) = Gl o(D)Bry = 01l ) (C)7,

where ¢ is Kronecker’s delta, and G,_(Z) = C, = 0. The block elements of the Green
function matrix have the same relation to the bond-orders based on the Lanczos basis 0%
as that of the dual basis representation. Therefore, we can obtain the bond orders through
the following transformation:

n,k

where an is defined by an = (U,](|71),152), - .-, |7 M;)). As a result of the simple inverse
transformation Eq. (2.42), we only have to perform the evaluation and the integration of
the Green functions of the Oth block line in the Lanczos basis representation, which means
that the computational time of the algorithm is about two times longer compared to that
of the orthogonal case [13]. Only the hybrid representation can provide this simple relation
Eq. (2.42) as well as Eq. (2.35), while the other representations suffer from computational
inefficiency [33, 58]. In the generalized block BOP using the non-orthogonal basis we need
to calculate S™!, the inverse of the overlap matrix. In the following calculations, we used a
new O(N) efficient method for inverting the overlap matrix [59].

2.3.2 Analytic example

We apply the algorithm B to the simplest system, i.e., a s-valent dimer. It is assumed that
the dimer has two electrons, the hopping integrals is —h(0 < h), the overlap is S(0 < 5),
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the on-site energies are zero, and the electronic temperature is zero. So, we can write the
Hamiltonian and overlap matrices as follows:

H:(_Oh _oh>’ S:(ii) (2.43)

In this model, each atom has one basis orbital. So, the block algorithm becomes the scaler
version. First, the Lanczos algorithm is applied to the overlap matrix to calculate the
inverse of the overlap matrix. When the initial state is set as (L3| = (1,0), we find that
ap = 1,a; = 1,b; = s, and (L;| = (0,1). Then, the diagonal element R, (Z) of the resolvent
RE(Z) = (St — ZI)~! is written as

1
Réo(Z) = b2
ag — Z — !
ap — Z
1-7
- zpow (2.44)
Considering RY(Z)(SY — ZI) = 1, we have
1
E§(2) = (1= (a0 = 2)R5o(2))
-5
- Tzr—w (2.45)

The resolvent based on the original representation {|1),|2)} is normally evaluated from the
inverse transformation R;;(Z) = ¥, Rk 'U,;, where 'U,; = (L5|j). However, we find that
R(Z) = R¥(Z) in the simple model. So, the inverse of overlap matrix can be given using
the resolvent as

St = ReR(0)
1 1 -—s
= — ( . ) (2.46)

After calculating the hybrid representation H' = S~'H of Hamiltonian using Eq. (2.46),

we apply the two-sided Lanczos algorithm to H'. If assuming that (Lo| = (1,0),(Ry| =
(1,0) for the left and right initial Lanczos vectors, then we obtain the following recursion

coefficients:
sh
AQ == A1 - 1_ 32 (247)
B, =C, = L (2.48)
(2.49)

Also, we find that (L;| = (0, —1), (Ry| = (0, —1) In the Lanczos representation, the diagonal
GE(Z) and off-diagonal G (Z) elements of Green’s function GY(Z) = (ZI — HY)™! are
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given by

. 1
GOO(Z) = B.C
1Vv1
7 — Ay —
0T 7 A
1 1
= 2,2 (2.50)
Z-i% 0 7+

1

= SR— (2.51)
h h
Z-L 7+

Gh(7) = o (Gh(2(Z - 4) - 1)

Assuming that the total number of electron in the system is two, the density matrix based
on the Lanczos representation is written as pf, = 1/2 and pf, = —1/2 by taking account of
the residue in Egs. (2.51) and (2.52). Applying the inverse transformation, then we have the
density matrix based on the original representation:

o= oSt — P6Sar
- ! (2.52)
2(14s) '
P12 = PoLOSfQ1 - 0515521
N (2.53)
2(1+s) '
(2.54)

We see that the density matrix is equivalent to that by the usual diagonalization. For pay, pZ
of atom 2, the same procedure can be applied.

2.3.3 Numerical tests

In Fig. 2.1 we show convergence properties of the band energy in an insulator and a metal
described by a simple s-valent TB as a test of the present method. The errors in the band
energy at the seven-shell cluster and recursion levels are 0.2 % and 0.9 % for the insulator and
the metal, respectively. Thus, we see that the block BOP gives sufficient convergent results
in both the simple insulator and metal. Figures 2.2(a) and (b) show the error in the band
energy at the five-shell cluster and recursion levels for insulators and metals described by a
simple s-valent TB as a function of direct band gap and electronic temperature, respectively.
In insulators the error goes to zero as the gap increases, while the errors, whose absolute
values are no more than 0.5 % compared to the band energy in the whole region, are relatively
small. In metals the error becomes almost negligible for the higher electronic temperature.
This behavior in both insulators and metals is consistent with the recent study about the
locality of the density matrix [60], though the block BOP depends on the convergence of the
moment expansions for the density matrix rather than the locality of the density matrix [13].
From the comparison in the NaCl and FCC structures it is clear that the use of the terminator
in the diagonal Green functions effectively reduces the error in both cases. Next we discuss
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Figure 2.1: The error, with respect to the standard k-space calculations, in the band energy for an
insulator (zinc blende) and a metal (FCC) described by a simple s-valent TB model in which the
nearest neighbor hopping and overlap integrals are -1.0 eV and 0.1, respectively, with others being
zero, and the number of electrons is the same as that of atoms. The zinc blende has a direct gap
of 1.0 eV which was controlled by the gap of the on-site energies of the different atoms. In these
calculations, the seven-shell cluster and a square-root terminator were used.

convergence properties of the block BOP in realistic materials within the TB based DFT
proposed by Sankey and Niklewski [7]. Figure 2.3 shows the convergence properties of the
cohesive energy for carbon in the diamond structure, silicon in the diamond structure, fcc
aluminum, and Cgy molecule. In carbon and silicon the cohesive energies rapidly converge to
the k-space results in the five and seven-shell clusters, while the convergence values for the
three-shell cluster are in error by 0.4 and 0.9 % from the k-space results, respectively. Even
for metallic aluminum, the convergence is very fast with respect to the number of recursion
levels and the errors in the converged values are only 0.3 and 0.1 % for the three- and five
shell clusters, respectively. For Cg the convergence is achieved with the three-shell cluster.
The error at the sixth recursion level is only 0.02 %.
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Figure 2.2: The error in the band energy for (a) insulators and (b) metals, calculated at the

five-shell cluster and recursion levels. The calculations were carried out with the same s-valent TB

model as that in Fig. 2.1 using a square-root terminator. For NaCl and FCC the non terminator

results are also shown.
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Figure 2.3: The error in the cohesive energy for carbon in the diamond structure, silicon in the
diamond structure, fcc aluminum, and Cgg for three-, five-, and seven-shell clusters, calculated
using a square-root terminator. These calculations were performed within DFT.
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2.4 Algorithm C

2.4.1 Formalism

In addition to the Lanczos algorithm described in the algorithm A, to increase the numerical
stability, we introduce the block Gram-Schmidt algorithm, which maintains the orthogonality
relation among Lanczos vectors, and the singular value decomposition for (B,,;;)?, which is
highly effective to avoid the break down in the Lanczos process. The Lanczos algorithm is

g Uo) = (|i1),162), .. ., [iMy)). (2.55)
A, = (U|H|U,). (2.56)

) = H'|U,) — [Un1)'B,, — |Up) A, (2.57)
ETOEPICAGATES (258)

(Bpi1)? = (] S|rn). (2.59)

(A)? =V, (Bry1)* V. (2.60)

By =M\ (2.61)

(Bpy1) ™' = V000 (2.62)

Unir) = 1) (Bor) ™, (2.63)

By applying the Lanczos algorithm to the Hamiltonian matrix, we have a block symmetric
tridiagonalized Hamiltonian.

A, Bj

B, A, B

H" (2.64)

By_y Ay By
EN AN
In the algorithm C, we directory diagolize the tridiagonalized Hamiltonian using the QR

factorization and the inverse iterative method, although the Green’s functions, which are
expressed by the multiple inverse and the recurrence relation, are used in the algorithm A
to evaluate the density matrix. So, we have the following eigen value equation:

H'W = WE, (2.65)

where E is a diagonal matrix in which the diagonal elements are eigenvalues £, and W is a
matrix constructed from the eigenvecors. Then, the Green’s function based on the Lanczos
basis is explicitly written by the delta function:

Grn(Z) => W W, ,.0(Z — E,). (2.66)
I

The Green’s functions based on the original dual basis are easily obtained from Eq. (2.23).
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2.5 Algorithm D

2.5.1 Formalism

In addition to the Lanczos algorithm described in the algorithm B, to increase the numerical
stability, we introduce the two-sided block Gram-Schmidt algorithm, which maintains the
orthogonality relation among Lanczos vectors, and the singular value decomposition for
B, .1C, 41, which is highly effective to avoid the break down in the Lanczos process. The
Lanczos algorithm is given as:

1Uo) = (|i1),]i2),...,[iMy)),
Uy) = (Jil), ]i2), ..., |iM)). (2.67)

A, = (UnH|U,), (2.68)

) = [A{‘Un> —|Un)A;, = |Un-1)B,,

(fn| = ((jnu:I _An(Un| _Qn(Un—1|u (2‘69)
rn) = |rn) - Z |Un)(Un|Tn)

k=0

(fn| = (fn| - Z(fn|Un)(ﬁn| (2‘70)
k=0

B, 1Chi1 = (Tlrn) = VIVQ, (2.71)

En+1 = VW1/27
oy = WH2Q (2.72)

Uns1) = Ira)(Couyr)
(Un+1| = (§n+1)_1(fn|, (2.73)

By applying the Lanczos algorithm to the Hamiltonian matrix, we have a block symmetric
tridiagonalized Hamiltonian.

Ao ﬁl
¢, A4 By

HL — o o o o o o ' (2‘74)
Cy1 Ay_1 By

In the algorithm D, we directory diagolize the tridiagonalized Hamiltonian using the QR
factorization and the inverse iterative method, although the Green’s functions, which are
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expressed by the multiple inverse and the recurrence relation, are used in the algorithm A
to evaluate the density matrix. So, we have the following eigen value equation:

H'W = WE, (2.75)

where E is a diagonal matrix in which the diagonal elements are eigenvalues E,, and W is a
matrix constructed from the eigenvecors. Then, the Green’s function based on the Lanczos
basis is explicitly written by the delta function:

Grn(Z) =Y Wi Wa(Z — Ey). (2.76)
m

The Green’s functions based on the original dual basis are easily obtained from Eq. (2.23).
Then, we can utilize the efficient relations Egs. (2.35) and (2.42) in the hybrid representaion.

2.6 Preliminary tests

Figure 2.2 shows that the norm of residual density matrix of a benzene molecule as a function
of SCF iterations. We see that the algorithm C is most stable and accurate. I think that a
highly accurate precision for O(/N) methods might be required to achieve the convergence
for SCF calculations.

—e— Diagonalization
—e— Algorithm B
| —8— Algorithm C
—a— Algorithm D

Norm of Residual Density Matrix

-12 . . . . .
0 5 10 15 20

Number of SCF lterations

10

Figure 2.4: The norm of residual density matrix of a benzene molecule as a function of SCF
iterations. The double valence basis sets are used for carbon and hydrogen atoms.
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Appendix A

Modified Matsubara Summation

In this Appendix we give an efficient method for evaluating an integral with the Fermi func-
tion, which is required in the calculation of energies and response function, in addition, and
an integral with the derivative of the Fermi function with respect to the chemical potential.

Although this is customarily performed in the complex plane by summing up an infinite
series over the Matsubara poles, the convergence of this series is, however, very slow. A
much more efficient scheme has been given by Nicholson et al. [40]. It should be noted that
another scheme exists also[55].

It is possible to accelerate considerably the Matsubara summation by using the following
approximant for the exponential function:

Z n

? e (142) (A1)
n

which becomes exact as n tends to infinity. This gives the following very useful representation

for the Fermi function:

1 1
f(Z) = 3(Z—p) ~ (A.2)

e +1 BZ—w\™ |

where § = 1/kgT, and p is the chemical potential. This approximation has 2M simple poles
(E,) located on a circle in the complex plane off the real axis

2M
Ey,=np+ 7(% - 1),
in(2p+1)
2, =€ M p=0,1,---,2M — 1. (A.3)

Therefore, assuming that A(Z) defined in the complex plane is an analytical function inside
the circles centered on the poles, the integral of a function A(Z) with the Fermi function
can be written as the sum of products between the function value A(E,) and the residues
R, for the poles E,:

[ ~ A(E)f(E)dE ~ 2xi Mi A(E,)R, (A.4)
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where R, is given by

1
Ry, = - f(2)dZ
P 2mi Jo U
1 2m . .
= —lim f(E, +re®)redo, (A.5)
21 r—0Jo

where §. reveals the path integral rotating counterclockwise around the poles £,, and the
second line was derived by transforming the variable as Z = E, + re. Expanding the

approximated Fermi function using the binomial theorem, we get

2 2 1

li E Nrefdy = i : do
— 0 f(E, +re)re by 0 52}2)]\/[—1 + 2%\2162%1\/[—2%19 4.
212y
= _ A6
3 (A.6)
Substituting Eq. (A.6) into Eq. (A.5), we get
z
R,=-"2. A7
P 5 ( )
Thus, substituting Eq. (A.7) into Eq. (A.4) and dividing it into the real and imaginary parts,
we have
oo 2T M1
Re / AE)(E)E ~ T | 3 5,A(E) (A.8)
oo =
00 o M-1
Im / AE)I(B)E ~ —ZRe| Y 5A(E) (A.9)
oo =

In case the numerical integral is applied to the Green’s functions, we find that typically 30
to 50 complex poles are enough to achieve convergence within about 10 digits.

Next we consider an integral with the derivative of the Fermi function with respect to the
chemical potential p, which is required in the modified force approach discussed in chapter
3. Approximating the derivative using the same approximant Eq. (A.1) compared to the
Fermi function case, we can write

of(z) BeBlZ—n) B Pz 411
o (eBZ-m +1)° (ef(Z-1) 4 1)

_ 3 1 1
N = + 1 (eBZ-w) 4 1)

2M—1 —z, 2M—1 _%
~ + . (A.10)
1;) Z —E, /=0 (Z —-E,)(Z—Ey,)

This approximation has 2M poles (£,) to the second order which are located on the circle
in the complex plane similar to the approximated Fermi function. The second term of the

o1



right side in Eq. (A.10) can be decomposed into the sum of partial fractions as follows:

QJ\fl % 1 21%:1 2]\&1 2 21\&1 %
—~ = = +
p.p'=0 (Z = Ey)(Z = Ey) Z — Ep p P E,)*
(A.11)
The sum in the parenthesis of Eq. (A.11) can be simplified as follows:
2]\§fl » - zz\fl 1
P P P'#p =5 1
B 2]%51 1
et -1
B 2M—1 1
=1 (COS%?T - 1) +1isinfzm
2M—1 2M—1
1 sin;m
= — A.12
Z + 2:1 cos]\:‘j[ -1 ( )

The imaginary part in Eq. (A.12) is zero due to the unsymmetrical summation for p = M,
so that we get a very simple result for the sum in the parenthesis of Eq. (A.11):

2M—1 > 1
> =M+, (A.13)
P'#p Zp — Zp/ 2

Substituting Eq. (A.13) into Egs. (A.11) and (A.10) we have

8f(Z) B _LQM 1 Zp _12M 1 22
o 2M

7-F, 527(2 A (A.14)

p=0

Thus, the integral of the block element Gy, (Z) with the approximated derivative Eq. (A.14)
can be written as follows:

Re [ * Go(®) L E) g ~ I []\fszoo(Ep)
. 2

2 M-l
+ ﬁlm Z ZJEQE)O(EP)
p=0

o
(A.15)
00 af E M—-1 o M—-1
Im/ GOO(E)ﬁ(;L)dE ~ _MRG Zszoo ) _FRG ZZ;QGO(EP)
o =
(A.16)

with G'(E,) which is a function value at E, for the derivative of G(Z) with respect to Z
calculated by

Goo(E Z Gon(Ep)Gro(Ep). (A.17)
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The relation Eq. (A.17) is derived from the indentity based on the Lanczos basis represen-
tation. Also the integral of the product between E and the block element Gy(Z) with the
approximated derivative Eq. (A.14) can be written as follows:

o of(E)
Re / EGyw(E) 22
. 00( ) alu
T M-1 A M-—1 ) It M-—1 )
~ Mlm Z ZpEpQ(]O(Ep) + Mlm Z ZpQOO(Ep) - Flm Z ZpEPQBO(EP>
p=0 p=0 p=0
(A.18)
o0 of(E)
Im EGy(E)————=~dFE
[oo OO( ) alu
T M-—1 o M-—1 ) o M-—1 ) )
~ —MRe > %E,Go(E,)| — MRQ > 2 Goo(Ey) | + ﬁRe > 24 EGoo(Ep)
p=0 p=0 p=0
(A-19)

These expressions Eqs. (A.18) and (A.19) have been derived for the first time in this
Appendix.
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