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The Householder method [1] is a way of transforming a Hermitian matrix B to a real symmetric
tridiagonalized matrix Brp. Let b be a column vector of B, and consider that the vector b consists

of the real part b, and the imaginary part b, as

|b) = [b;) +i|by). (1)
Also let us introduce a vector s of which real part has just one non-zero component s(= +/(b|b)) and
imaginary part is a zero vector as
s 0
0
s) = +1 (2)
0 0

Then, consider a mirror transform Q' bridging the two vectors b and s by
Q' =T1-a"v)(v], (3)
where let us assume that
s) = Qffb). (4)

Putting Eq. (3) into Eq. (4), and solving it with respect to |v), we have
1

v) = o (v[by (Ib) —s))- (5)
Thus, Eq. (5) allows us to write |v) as
[v) = B(b) —s)) = Blu). (6)
If v is normalized, 3 is given by
5 = 1
VB[ = {s)(b) = Ts))’
1
~ /(b[b) + (ss) — (bls) — (s[b)’
1

V257 — (b]s) — (s|b)’



Comparing Eqgs. (5) with (6) and making use of Eq. (7), we have

N 2a )
o = m(ar — ia;) (8)
with a, and a; given by
1
ar = 5 (25 = (bls) — (s|b)) (9)
and
a; = (bis). (10)

Then, it is verified that

QQ" = (I—alv)(v]) (I —a*¥)(v]),
= - o'WV - al) (V] + aa V) (v,
(2617«)2 (2&,«)2
a2+ d? a%+a%|v><v"
= I (11)

v){v] +

Thus, the transformation QfBQ for the Hermitian matrix B is a similarity transformation, and given
by

Q'BQ = (I-a*v){v])B(I —alv)(v]),
= B - a*|v)(v|B —aB|v)(v| + o a|v){v|B|v)(v|. (12)
By defining
p) = Blv), (13)

Eq. (12) becomes

@'BQ = B-a'l){p - alp)(v| + a’alv)(vIp)(vl,
= B-a’lv) (bl - S0P~ (1p) = G WvIR)) (v (14

Moreover, by defining
@) =a(lp) - 5 Ivitvip) |, (15)
we have a compact form:

Q'BQ =B —|v){d| - |a)(v|. (16)

For the numerical stability, we furthermore modify Eq. (16) as shown below. Let us introduce a

vector p’ as.

p) = T (17)




Then, p can be written by p’ as

p) = Blv),
_ Blu)
N 2a,’
— p")ar
V2a, '
2a
SN (18)
Also, noting that
v = el (19)
N 2a,
q can be rewritten by
@ = a¥5 (19) - ol (20
qQ = a— p Ja, WP )
Putting Eqgs. (19) and (20) into Eq. (16), we have
Q'BQ = B —[u)(d'| - |d')(u] (21)
with q' defined by
n_ o no_ o !
) =5 (1) - £ alph). (22)
where
, 1
p') = —Bu). (23)

ar

The transformation by Eq. (21) can be applied to each column vector step by step in which the place
occupied by s in Eq. (2) is shifted one by one. Then, the tridiagonalized matrix Brp is given by

Brp=Q! Q! , - QlAlQIBQi1Q:Qs - Qu-2Qu_1. (24)
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