
Householder Method for Tridiagonalization: Ver. 1.0Taisuke Ozaki, RCIS, JAISTAugust 17, 2007The Householder method [1℄ is a way of transforming a Hermitian matrix B to a real symmetri
tridiagonalized matrix BTD. Let b be a 
olumn ve
tor of B, and 
onsider that the ve
tor b 
onsistsof the real part br and the imaginary part bi asjbi = jbri+ ijbii: (1)Also let us introdu
e a ve
tor s of whi
h real part has just one non-zero 
omponent s(= phbjbi) andimaginary part is a zero ve
tor as jsi = 0BBBBBBB� s0��0
1CCCCCCCA+ i0BBBBBBB� 00��0

1CCCCCCCA : (2)Then, 
onsider a mirror transform Qy bridging the two ve
tors b and s byQy = I � ��jvihvj; (3)where let us assume that jsi = Qyjbi: (4)Putting Eq. (3) into Eq. (4), and solving it with respe
t to jvi, we havejvi = 1��hvjbi (jbi � jsi) : (5)Thus, Eq. (5) allows us to write jvi as jvi = � (jbi � jsi) = �jui: (6)If v is normalized, � is given by� = 1p(hbj � hsj)(jbi � jsi) ;= 1phbjbi + hsjsi � hbjsi � hsjbi ;= 1p2s2 � hbjsi � hsjbi : (7)
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Comparing Eqs. (5) with (6) and making use of Eq. (7), we have�� = 2ara2r + a2i (ar � iai) (8)with ar and ai given by ar = 12 �2s2 � hbjsi � hsjbi� (9)and ai = hbijsi: (10)Then, it is veri�ed that QQy = (I � �jvihvj) (I � ��jvihvj) ;= I � ��jvihvj � �jvihvj + ���jvihvjvihvj;= I � (2ar)2a2r + a2i jvihvj + (2ar)2a2r + a2i jvihvj;= I: (11)Thus, the transformation QyBQ for the Hermitian matrix B is a similarity transformation, and givenby QyBQ = (I � ��jvihvj)B (I � �jvihvj) ;= B � ��jvihvjB � �Bjvihvj + ���jvihvjBjvihvj: (12)By de�ning jpi � Bjvi; (13)Eq. (12) be
omesQyBQ = B � ��jvihp � �jpihvj + ���jvihvjpihvj;= B � ��jvi�hpj � �2 hvjpihvj� � ��jpi � ��2 jvihvjpi� hvj: (14)Moreover, by de�ning jqi � ��jpi � ��2 jvihvjpi� ; (15)we have a 
ompa
t form: QyBQ = B � jvihqj � jqihvj: (16)For the numeri
al stability, we furthermore modify Eq. (16) as shown below. Let us introdu
e ave
tor p0 as. jp0i = Bjuijuj22 : (17)
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Then, p 
an be written by p0 as jpi = Bjvi;= Bjuip2ar ;= jp0iarp2ar ;= p2ar2 jp0i: (18)Also, noting that jvi = 1p2ar jui; (19)q 
an be rewritten by jqi = �p2ar2 �jp0i � ��4ar juihujp0i� : (20)Putting Eqs. (19) and (20) into Eq. (16), we haveQyBQ = B � juihq0j � jq0ihuj (21)with q0 de�ned by jq0i = �2 �jp0i � ��4ar juihujp0i� ; (22)where jp0i = 1arBjui: (23)The transformation by Eq. (21) 
an be applied to ea
h 
olumn ve
tor step by step in whi
h the pla
eo

upied by s in Eq. (2) is shifted one by one. Then, the tridiagonalized matrix BTD is given byBTD = Qyn�1Qyn�2 � � �Qy3Qy2Qy1BQ1Q2Q3 � � �Qn�2Qn�1: (24)Referen
es[1℄ A. S. Householder, J. ACM 5, 339 (1958).
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